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ACSC191: Discrete Mathematics

Lecture 4: Predicate Logic

Predicates

• So far we have only considered simple 
propositions involving specific objects.

• To deal with real applications we need 
propositions that are more general.

• We need to be able to create statements that 
involve variables, such as:
– “x > 3”
– “x = y + 3”
– “x + y = z”
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Predicates

• Statements like the ones in the previous 
slide are called propositional functions or 
predicates.

• These statements are neither true nor false.

• However, once a value is assigned to each 
one of their variables they become 
propositions.

Predicates

• We can denote the statement “x is greater 
than 3” by P(x). We usually write:
– P(x): x > 3

• P(x) is a predicate and it has no truth value.

• P(4) is a proposition, we can obtain its truth 
value by setting x = 4 in our statement.

• Thus, P(4) is actually the statement “4 > 3”, 
which is true.
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Predicates

• P(2) is also a proposition.

• It is the statement “2 > 3”, which is false.

• We can also have predicates with more than 
one variables, such as “x + y = z”.

• We can denote the above statement by    
Q(x, y, z).

Terminology

• A predicate with n variables is called an    
n-place predicate.

• A predicate with 0 variables is a 
proposition.

• For example:
– P(x): x < 2, is an one-place predicate

– Q(x, y, z): x + y > z, is a three-place predicate
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Terminology

• If the value of a predicate P(x1, x2, …, xn) is true 
no matter what values are assigned to x1, x2, …, xn, 
then this predicate is said to be valid.

• If the value of a predicate P(x1, x2, …, xn) is true 
for some values x1, x2, …, xn (but not necessarily 
all), then this predicate is said to be satisfiable.

• If the value of a predicate P(x1, x2, …, xn) is false 
for all values x1, x2, …, xn, then this predicate is 
said to be unsatisfiable.

Connecting Predicates

• We can connect predicates together using 
logical operators, to obtain statements such 
as:
– (x + 3 = y) ∧ ¬(y > 5)

– (x < 0) → (x + y = 1)

– ((x > 0) ∧ (x < 1)) → (x > x2)
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Exercise

• Consider the predicate P(x): x > 0, write 
down whether each of the following 
statements is a proposition:
– P(0)

– P(y) ∨ ¬P(1)

– (P(1) → P(2)) ∧ P(-1)

– (P(5) ∨ P(0)) ∧ (P(z) ∧ P(3)) ∨ P(7)

Exercise

• Let R be the three-place predicate 
R(x, y, z): x + y = z, what are the truth values 
of:
– R(2, -1, 5)

– R(3, 4, 7)

– R(x, 3, z)

– R(6, -7, -1)

– R(7, -1, z)
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Quantifiers

• We can turn a predicate into a proposition 
by assigning values to all its variables.

• There is another important way we can do 
this, called quantification.

• There are two types of quantifiers:
– Universal
– Existential

• The area of logic that deals with predicates 
and quantifiers is called predicate calculus.

The Universal Quantifier

• A property P(x) is true for all values of x in 
a particular set U, called the universe of 
discourse or domain.

• Notation: ∀x P(x)

• Read as:
– “For all x P(x)”, or

– “For every x P(x)”.

• Here ∀ is called the universal quantifier.
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The Universal Quantifier

• If all the elements in the universe of 
discourse can be listed, i.e. 

U = {x1, x2, …, xn},

then

∀x P(x)

is equivalent to the conjunction

P(x1) ∧ P(x2) ∧ … ∧ P(xn).

The Existential Quantifier

• A property P(x) is true for at least one 
value of x in a particular set U (the universe 
of discourse).

• Notation: ∃x P(x)
• Read as:

– “There exists an x such that P(x)”, or
– “There is at least one x such that P(x)”, or
– “For some x P(x)”.

• Here ∃ is called the existential quantifier.
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The Existential Quantifier

• If all the elements in the universe of 
discourse can be listed, i.e. 

U = {x1, x2, …, xn},

then

∃x P(x)

is equivalent to the disjunction

P(x1) ∨ P(x2) ∨ … ∨ P(xn).

Negation

• The following equivalences exist for the 
negation of quantified statements:
• ¬∀x P(x) ≡ ∃x ¬P(x)

• “It is not true that for every x, P(x) holds” is 
equivalent to “There exists an x such that 
P(x) is not true”.

• ¬∃x P(x) ≡ ∀x ¬P(x)
• “It is not true that there exists an x such that 

P(x) is true” is equivalent to “For all x, P(x) 
is not true”.



9

Negation

• To understand these equivalences think 
about searching and looping:
– Assume there are n objects in U.

– To determine whether ∀x P(x) is true:
• Loop through all n values of x to see if P(x) is 

always true.

• If there is a value for which P(x) is false (i.e.          
∃x ¬P(x) is true), then you have shown that ∀x P(x) 
is false (i.e. ¬∀x P(x) is true).

Negation

– To determine whether ∃x P(x) is true:
• Loop through all n values of x searching for a value 

for which P(x) is true.

• If you find such a value then ∃x P(x) is true.

• If there is no such value (i.e. ∀x ¬P(x) is true), then 
you have shown that ∃x P(x) is false (i.e. ¬∃x P(x) is 
true).
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Multiple Quantifiers

• Read from left to right.
• ∀x∀y P(x, y)

– For all x and for all y, P(x, y) is true.

• ∀x∃y P(x, y)
– For every x there exists a y such that P(x, y) is 

true.

• ∃x∃y P(x, y)
– There exists an x for which there exists a y such 

that P(x, y) is true.

Exercise

• Let U = ℜ (the set of real numbers) and  
P(x, y) be the predicate “x⋅y = 0”. What are 
the truth values of the following:
– ∀x∀y P(x, y)

– ∀x∃y P(x, y)

– ∃x∀y P(x, y)

– ∃x ∃y P(x, y)

• Now suppose P(x, y) is the predicate 
“x/y = 1”
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Commutativity of Quantifiers

• ∀x∀y P(x, y) ≡ ∀y∀x P(x, y) YES!

• ∃x∃y P(x, y) ≡ ∃y∃x P(x, y) YES!

• ∀x∃y P(x, y) ≡ ∃y∀x P(x, y) NO!!!!!!!!
• DIFFERENT MEANING!

Example

• Let Q(x, y) be the predicate “x + y = 0”.

• Are the truth values of the quantifications 
∀x∃y Q(x, y) and ∃y∀x Q(x, y) the same?
– ∀x∃y Q(x, y) means “For every real number x

there is a real number y such that x + y = 0”. 
This is true.

– ∃y∀x Q(x, y) means “There is a real number y
such that for all real numbers x, x + y = 0”. This 
is false. Why?
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Translating English

• Consider the statement “Every student in 
this class has studied calculus”.

• How would you convert this into a logical 
expression?

• First we rewrite the statement as: “For every 
student in this class, that student has studied 
calculus”.

• Next we introduce a variable x: “For every 
student x in this class, x has studied 
calculus”.

Translating English

• So we will need the predicate C(x), which is 
the statement “x has studied calculus”.

• If the universe of discourse for x consists of 
the students in the class, then we can 
translate the statement as

∀x C(x)
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Translating English

• What happens if we change the universe of 
discourse to consist of all people?

• We need to express our statement as: “For 
every person x, if x is a student in this class 
then x has studied calculus”.

• So we will need an additional predicate S(x) 
that represents the statement “x is a student 
in this class”.

Translating English

• Using the predicates S(x) and C(x) we can 
express our statement as

∀x (S(x) → C(x))

• Note that we cannot express our statement 
as

∀x (S(x) ∧ C(x))

since this means that all people are students 
in this class and have studied calculus!
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Example 2

• Express the statement “Some student in this 
class has visited Mexico” as a logical 
expression.

• This statement means that: “There is a 
student in this class with the property that 
this student has visited Mexico”.

• With a variable x: “There is a student x in 
this class having the property x has visited 
Mexico. 

Example 2

• We will need the predicate M(x) , which 
represents the statement “x has visited 
Mexico”.

• If the universe of discourse for x consists of 
the students in the class, then we can 
translate the statement as

∃x M(x)
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Example 2

• However, if the universe of discourse 
consists of all people then our statement has 
to be expressed as: “There is a person x
having the properties that x is a student in 
this class and x has visited Mexico”.

• So we will again need a predicate S(x) that 
represents the statement “x is a student in 
this class”.

Example 2

• Using the predicates S(x) and M(x) we can 
express our statement as

∃x (S(x) ∧ M(x))

• Note that we cannot express our statement 
as

∃x (S(x) → M(x))

since this will be true when there is 
someone not in the class.
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Example 3

• Consider the statement “If somebody is 
female and is also a parent, then this person 
is someone’s mother”.

• How would you convert this into a logical 
expression?

• It can be expressed as “For every person x, 
if x is female and x is a parent, then there 
exists a person y such that x is the mother of 
y”.

Example 3

• So we will need the predicates:
– F(x): x is female

– P(x): x is a parent

– M(x, y): x is the mother of y

• The statement applies to all people so the 
universe of discourse U, in this case is the 
set of all people.
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Example 3

• We can now represent the statement as

∀x ((F(x) ∧ P(x)) → ∃y M(x, y))

• Because y does not appear in F(x) ∧ P(x), 
we can move it all the way to the left to 
obtain the equivalent expression

∀x∃y ((F(x) ∧ P(x)) → M(x, y))

• Note that this is NOT equivalent to

∃y∀x ((F(x) ∧ P(x)) → M(x, y))

Example 4

• Express the statement “Everyone has 
exactly one best friend” as a logical 
expression.

• The statement says “exactly one best 
friend”. This means that if y is the best 
friend of x, then all other people z other than 
y cannot be the best friend of x.
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Example 4

• We only need the predicate B(x, y) that 
represents the statement “y is the best friend 
of x”.

• We can now represent the statement as

∀x∃y (B(x, y) ∧ ∀z ((z ≠ y) → ¬B(x, z)))

Exercise

• Determine the truth value of each of these 
statements if the universe of discourse for 
all variables consists of all real numbers.

a) ∀x∃y (x2 = y) b) ∀x∃y (x = y2)

c) ∃x∃y (x + y ≠ y + x)

d) ∀x ((x ≠ 0) → ∃y (xy = 1))

e) ∃x∀y ((y ≠ 0) → (xy = 1))

f) ∀x∀y∃z (z = (x + y)/2) 
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Exercise

• Let C(x, y) be the statement “x has passed 
course y”, where U for x consists of all 
students and U for y consists of all courses. 
Express each of the following statements by 
a simple English sentence.

a) ∃x C(x, ACSC300)
b) ∃y C(Carol Sitea, y)
c) ∃x (C(x, ACSC191) ∧ C(x, ACSC300))
d) ∀x (C(x, ACSC368) → C(x, ACSC300))

Exercise

• Translate each of the following statements 
into logical expressions in two different 
ways by varying the universe of discourse.
– Someone in our college has visited Uzbekistan.
– Everyone in our class has studied calculus and 

C++.
– No one in our college owns both a bicycle and a 

motorcycle.
– There is a person in our college who is not 

happy.
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Exercise

• Use quantifiers and predicates with more 
than one variable to express the following 
statements.
– There is a student in this class who owns a PC.
– Every student in this class has taken at least one 

computer science course.
– There is a student in this class who has taken at 

least one computer science course.
– Every student in this class has been in at least 

one room of every building on campus.


