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ACSC191: Discrete Mathematics

Lecture 10: Graphs and Trees

Introduction

• The use of graphs for problem solving began in the 18th

century, when Euler was trying to solve the Königsberg
bridge problem. 

• The Königsberg bridge problem concerns seven bridges 
which connect two islands in a river to the mainland.

• The problem is to find a path (beginning and ending 
anywhere you like) which crosses each bridge exactly once.

• The method that Euler used to tackle this problem was to 
represent it as a graph. Then he developed graph theoretical 
results which he could apply to the problem.
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Bridges of Königsberg

Find a tour crossing every bridge just once
Leonhard Euler, 1735

Basic Definitions

• Recall that a graph is a set of nodes, or 
vertices, and a set of edges between them.

• It is possible for there to be more than one 
edge between two notes. In this case we say 
that the graph is a multigraph.
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Example: 
The Königsberg bridge situation

Basic Definitions

• Two nodes in a graph are adjacentif there 
is an edge between them.

• A path in a graph is a sequence of nodes

N0, N1, N2,…,Nk ,

where k > 0, such that Ni is adjacent to Ni+1, 
for 0 ≤ i ≤ k ; i.e. each node is adjacent to 
the next node in the sequence.



4

Example

Let G be the graph

• Then 1, 2, 3, 5  is a path from 1 to 5.
• So is 1, 3, 4, 4, 3, 5.
• There is no path from 1 to 6.

Paths

• It is possible to get very long paths by moving 
backwards and forwards along the same edge. For 
example, the path
1, 2, 1, 2, 1, 2, 1, 2, 3  in the graph
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Simple Paths

• We often don’t want to consider paths that 
move along some edge, or edges, more than 
once because they involve unnecessary 
redundancy.

• A simple pathin a graph is a path which 
does not use any edge more than once (i.e. a 
path in which no edge is repeated).

Cycles and Loops

• In many graphs it is possible to start at some 
node and follow a path which eventually 
ends up back at the same node again 
(without using any edge twice).

• Such paths are called cycles.

• A cyclein a graph is a non-empty simple 
path from a node to itself. (Non-empty just 
means that the path passes at least one edge)
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Cycles and Loops

• In the above graph  2,1,3,4,4,3,2  is not a 
cycle, 

• but  2,1,3,2  and  4,4  are both cycles.

Cycles and Loops

• A loop in a graph is an edge from a node to 
itself.

• In other words a loop is a cycle which 
contains only one edge.

• Example: 

4,4  in the graph of the previous slide is 
a loop.
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Connectivity

• We say that two nodes N and M are 
connectedif there is a path from N to M.

• So N is connected to itself by the empty 
path.

• N is the empty path if it has one node and 
no edges.

• If every node in a graph is connected to 
every other node we say that the graph is 
connected.

Example

• The following graph is connected since 
there is a path from every node to every 
other node in the graph.
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Example

• The following graph is not connected since 
there is no path from nodes 6 and 7 to nodes 
1, 2, 3, 4 and 5.

Connectivity

• It is easy to see that every connected graph 
with n nodes has at least n – 1 edges.

• In addition, since n – 1 edges are enough to 
connect all n nodes of a graph, then any 
graph that has more than n – 1 edges (where 
n is the number of its nodes) contains a 
cycle.

• So, every connected graph with n nodes that 
contains no cycles has exactly n – 1 edges.
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Subgraphs

• If a graph G is obtained by removing some 
of the edges and some of the nodes from 
another graph, say F, then we say that G is a 
subgraphof F.

• Any subgraph of a graph G that contains all 
the nodes of G is called a spanning 
subgraphof G.

Trees

• Trees are an important subclass of graphs.

• A tree is a connected graph which has no 
cycles.

• As a result, a tree with n nodes has exactly  
n – 1 edges.

• The fact that trees have no cycles implies a 
fundamental property of trees: There is only 
one simple path between any two nodes in 
a tree.
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Example

The following graph is a tree.

Example

But the following graph is not a tree.
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Spanning Trees

• Let G be a connected graph. The shortest 
connected spanning subgraphs of G (the 
ones with the least number of edges) are 
trees.

• For this reason, any such subgraph of a 
graph G is called a spanning treeof G.

• Furthermore, if a graph G has n nodes, then 
all spanning trees of G will have exactly     
n – 1 edges.

Example

• Find a spanning tree of the following graph
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Example

• The spanning tree should consist of all the nodes 
of the original graph and 6 (n – 1) of its edges.

Weighted Graphs

• Recall the road system problem from 
lecture 1?

• In our graph for this problem we did not 
only represent the 6 villages as nodes and 
the roads connecting them as edges, but we 
also assigned a number to each edge 
representing the length of the road.

• A graph of this kind is called a weighted 
graph.
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Weighted Graphs

• A weighted graphis a graph that has a 
nonnegative number, called weight, 
assigned to each one if its edges.

• The total weight of a weighted graph can be 
obtained by adding up the weights of all its 
edges.

Example

The weight of the following graph is 21.
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Weighted Graphs

• In the problem of lecture 1 we wanted to 
find the smallest length of (existing) road 
needed to ensure that all the villages were 
connected.

• So basically, we wanted to find the 
spanning tree of our graph with the smallest 
weight.

• The spanning tree of a graph G with the 
smallest weight is called the minimal 
spanning treeof G.

Kruskal’s Algorithm

For finding the minimal spanning tree of a 
connected graph G with n nodes do

1.  Arrange the edges of G in order of 
increasing weights.

2.  Starting with the edge that has the smallest
weight and proceeding sequentially, add
each edge which does not result in a cycle
until n – 1 edges are added.
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Example

Find the minimal spanning tree of the 
following weighted graph using Kruskal’s
algorithm.

Example (cont.)

NoYesNoNoYesYesYesYesYes

544333211

ACCFBCFGCDBDEGEFABAdd:

321433451

FGEGEFCFCDBDBCACABStart:

544333211

ACCFBCFGCDBDEGEFABSort:
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Example (cont.)

As soon as n – 1 edges are added the algorithm ends 
and the resultant graph is given below. An edge is 
not added if its addition will form a cycle. 

Exercise

Let G be the graph
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Exercise (cont)

(a) Find the weight of G.

(b) Find the minimal spanning tree of G and 
give its weight.

(c) Find two other spanning trees of G and 
give their weights.

(d) Give the nodes that are adjacent to B.

(e) Write down a path from F to D which is 
not simple.

Eulerian Paths

• Recall the problem we saw at the beginning 
of the lecture: find a path in the Königsberg
bridges graph which uses each edge exactly 
once.

• A path in a graph which uses all its edges 
exactly once is called an Eulerian path.

• But how can we determine if a given graph 
has an Eulerian path?
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Eulerian Paths

• It turns out that the existence of an Eulerian
path in a graph depends only on the number 
of nodes which have an odd number of 
attached edges.

• The number of edges attached to a node is 
called the degreeof the node.

• The degree of a node A is denoted as 
deg(A).

Example

In the following graph deg(A) = 1, deg(B) = 3, 
deg(C) = 2 and deg(D) = 0.

Note that a loop counts as two edges.
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Eulerian Paths

• A connected graph G has an Eulerian path if 
and only if either all its nodes have even 
degree, or exactly two of its nodes have odd 
degree.

• So by just  finding the degree of all the 
nodes of a graph, we can easily determine if 
it has an Eulerian path.

Example

• Does the Königsberg bridges graph have an 
Eulerian path?
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Exercise

• Determine if the following graph has an 
Eulerian path.

ADVERTISING BREAK

Course to follow…

ACSC401: Algorithms & Complexity
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Eulerian Cycle Problem

• Find a cycle that 
visits every edge 
exactly once

• Linear Time

meaning that this  
problem is EASY to 
solve!!!

Hamiltonian Cycle Problem

• Find a cycle that 
visits every vertex 
exactly once

• NP – complete

meaning that this  
problem is HARD to 
solve!!!

Game invented by Sir William 
Hamilton in 1857
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BACK TO BUSINESS

Tree Basics

Free tree: a connected, acyclic, undirected graph.

Rooted tree: free tree in which one of the vertices is 
distinguished from the others. This vertex is called the root.

Ordered tree: a rooted tree in which the children of each node 
are ordered. That is, if a node has k children, then there is a 
first child, a second child, ..., and a kth child.

Degree: the number of children of a node.

Forest: a disconnected graph whose connected 
components are trees.
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Tree Basics
root r 

y �

x �

y is an ancestor of x.
x is a descendant of y.

y is the parent of v.
v is the child of y.

A node with no children is 
called a leaf

Since c and d have 
the same parent,

c is the sibling of d,
and d is the sibling of c

v �

c � d �

left subtree of r right subtree of r

Trees Basics

• Facts about free trees:

• |E| = |V| -1

• Any two vertices are connected by exactly one path.

• Removing an edge disconnects the graph.

• Adding an edge results in a cycle.
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Directed Graphs

• We have already met directed graphs as a 
method of representing relations.

• A directed graphor digraph is a set of 
nodes and a set of arrows (directed edges) 
between pairs of nodes.

• A node N is adjacent to a node M in a 
digraph if there is an arrow from N to M. 
We call N an antecedentof M and we call 
M a successorof N.


