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NP-Completeness

Reference: [CLRS, chapter 34, p841]

Bridges of Königsberg

Find a tour crossing every bridge just once
Leonhard Euler, 1735

Eulerian Cycle Problem

• Find a cycle that 
visits every edge 
exactly once

• Linear Time

Hamiltonian Cycle Problem

• Find a cycle that 
visits every vertex 
exactly once

• NP – complete

Game invented by Sir W. Hamilton in 1857: 
one player sticks five pins in any five consecutive 
vertices and the other player must complete the 
path to form a cycle containing all the vertices.

Hamiltonian Cycles
Hamiltonian cycles have the property that you can 
only visit each and every vertex only once when 
creating a cycle that includes every vertex of the 
graph.

Hamiltonian cycle problem : asks whether or not a 
given graph has a Hamiltonian cycle of certain size

Hamiltonian Not 
Hamiltonian

Shortest vs. longest simple paths

We can find shortest paths from a single source in a 
directed graph G = (V, E) in O(V E) time, even with 
negative edge weights.

However finding the longest simple path between 
two vertices is NP-complete. 

In fact, it is NP-complete even if all edge weights are 1.
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NP-Completeness

• Some problems are intractable: as they grow large, 
we are unable to solve them in reasonable time

• What constitutes reasonable time? Standard working 
definition: polynomial time
– On an input of size n the worst-case running time 

is O(nk) for some constant k
– Polynomial time: O(n2), O(n3), O(1), O(n lg n) 
– Not in polynomial time: O(2n), O(nn), O(n!)

NP-Completeness
Problems are grouped into “classes” depending on their 

runtime.

P class: problems that can be solved in polynomial time. This 
covers anything we have done up to now. They are O(nk) 
problems, where n is the input size, and k is some 
constant not dependent upon n.

• Depth-First Search
• Breadth-First Search
• MST algotithms

• Shortest path algorithms

All have at most polynomial time operations.

Polynomial-Time Algorithms

• Are all problems solvable in polynomial time?
– No: Turing’s “Halting Problem” is not solvable by 

any computer, no matter how much time is given
– Such problems are clearly intractable, not in P

Abstract Problems
• Three Kinds of Problems

– Decision Problem
• e.g. Is there a solution better than some given 

bound?
– Optimal Value

• e.g. What is the value of a best possible solution?
– Optimal Solution

• e.g. Find a solution that achieves the optimal value. 

For technical reasons NP-completeness applies directly not to 
optimization problems, but to decision problems, in which the 
answer is simply "yes" or "no" (or, more formally, "1“ or "0").

Decision Problems

• Optimization problem: a problem in which the max, or 
the min, or some similar superlative, is desired.

• Decision problem: a problem which has only a yes or no 
answer.

We must reformulate any optimization problem to a decision 
problem in order for NP-Completeness to apply.

We start with an optimization problem, like does a graph G 
have a hamiltonian cyle. 

We change that optimization problem into a decision problem 
(one that has a yes or no answer only): Does G have a 
hamiltonian cycle of size k?

Only with such a transformation can we discuss NP-
Completeness.

Decision Problems
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Encodings

All input to a program is binary.

For any given problem, there is an encoding of finite 
length that is input to some algorithm that solves that 
problem.

Decision Problems

NP-completeness problems are rephrased as decision 
problems:

Optimization problem : 
Find a minimum spanning tree whose weight is less than 
or equal to k.

Decision problem : 
Is there a minimum spanning tree whose weight is at 
most k?

As a language :
L = {(G,k) | G has a MST of weight at most k}

Decision Problem
Another example:

Optimization problem:
Find a simple path in G that has length at least k.

Decision problem:
Is there a simple path in G that has weight at least k?

Language:
M = {(G,k) | G has a simple path of length at least k}

Decision vs optimization problem

• Decision problems are in a sense "easier," or at least "no 
harder“ than optimization problems

• We usually can rephrase a given optimization problem as 
a related decision problem by imposing a bound on the 
value to be optimized.

• If an optimization problem is easy, its related decision 
problem is easy as well.Thus if we can provide evidence 
that a decision problem is hard, we also provide evidence 
that its related optimization problem is hard. 

• So even though it restricts attention to decision problems, 
the theory of NP-completeness often has implications for 
optimization problems as well

Definitions
• Instance of a problem: an input to the problem.

– For Ham-Cycle, an instance would be a graph.
– For Clique, an instance would be a graph and an 

integer k denoting the size of the clique (see later)

• Reduction: Idea is that, if we can somehow “transform”
our problem to another problem which is known to be very 
hard to solve, then we can claim that our problem is not 
any easier to solve than that known problem. So it is at 
least as “hard” as that problem to solve.

Reduction Algorithm
Suppose:
• we have a decision problem A.

• we wish to find the solution to A in polynomial time.
• there is a different decision problem B.
• we have a polynomial time algorithm to solve B.
• we have some transformation that transforms an instance 

α of A into an instance of β of B, such that:

1. The transformation takes polynomial time.

2. The answers are the same. That is, the answer for α is 
“yes” if and only if the answer for β is also “yes.”
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Reduction Algorithm
In such a case, we can arrive at an answer to our problem B 

in the following manner:

1. Given an instance x of problem F, use a polynomial-time 
reduction algorithm to transform it to an instance f(x) of 
problem A2.

2. Run the polynomial-time decision algorithm for A2 on the 
instance f(x).

3. Use the answer for f(x) as the answer for x.

Reduction Algorithm
In simpler terms, we assume that we can transform our 

problem into another problem in polynomial time, and we 
can also solve that other decision problem in polynomial 
time. So, the answer to our problem is the same as the 
answer to the other problem, and the time to get this 
answer is polynomial.

The great thing about this is that we never had a polynomial 
algorithm to solve our decision problem. But, by 
converting our problem to another problem, we actually do 
have a solution!

NP-Complete Problems

• The NP-Complete problems are an interesting class 
of problems whose status is unknown 
– No polynomial-time algorithm has been 

discovered for an NP-Complete problem
– No superpolynomial lower bound has been proved 

for any NP-Complete problem, either
• We call this the P = NP question

– The biggest open problem in Theoretical 
Computer Science

?? P=NP ??

NP-class

NP class : if you have a solution to a problem, is there a 
polynomial-time algorithm that can verify that the 
solution is indeed a solution to the problem? If so, 
then the problem is in NP.

For example the Hamiltonian Problem is in NP.

Hamiltonian Problem
Hamiltonian Cycle: A simple cycle in an 

undirected graph that contains all of the 
vertices. You make a closed path in the 
graph that visits each and every vertex 
once, except the first and last, which are 
identical. 

Hamiltonian Cycle Problem : Does the 
graph contains a hamiltonian cycle? 
(Yes or No answer)

To determine if the graph contains a 
hamiltonian cycle we would have to 
create a permutation of all the vertices. 

Create the adjacency list, so we pick valid 
sequences.

Otherwise, many will be disqualified.
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A Hamiltonian Cycle Example
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Possible permutations starting with 1: {123546, 123645, 124536, 124635, 
13245, 13246, 13542, 13546, 13642, 13645}. But these are not the only 
possibilities. How about 213546? There are many, many more permutations.

We keep looking until we get a solution. We need to search the entire solution 
space (= all possible permutations).

So this exhaustive search would be very expensive. How 
expensive? You would determine the permutations.

There are m! possible permutations given m vertices. Definitely,
given that we might have to check all m! permutations, which 
means:

Create queue Q

For every permutation q

Q ← enqueue(q)

while Q ≠ {}

q ← dequeue(Q)
if an edge exists between every pair in the permutation, such 
that the new vertex has not already been added to the path, and 
the last vertex matches the first vertex

return the permutation

A Hamiltonian Cycle Example

Verification of Hamiltonian Cycle
But what if someone gave us the permutation. Consider the modified 

example below, with the added edge from 5 to 6.

Claim: 2456312 is a hamiltonian cycle.

We can prove this using the adjacency list with at most O(n2) operations. 
In the worst case, we would have to examine each vertex, and may
have to go to the end of the adjacency list for each vertex to verify that 
the next vertex is on that list. So, for n vertices, I would examine n-1 
vertices, which is O(n2).
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P and NP

• As mentioned, P is set of decision problems that can 
be solved in polynomial time

• NP (nondeterministic polynomial time) is the set of 
decision problems that can be solved in polynomial 
time by a nondeterministic computer

Nondeterministic computer

• Think of a non-deterministic computer as a 
computer that magically “guesses” a solution, then 
has to verify that it is correct
– If a solution exists, computer always guesses it
– One way to think of this: a parallel computer that 

can freely use an infinite number of processes
• Have one processor work on each possible 

solution
• All processors attempt to verify that their 

solution works
• If a processor finds it has a working solution

– So: NP = decision problems verifiable in 
polynomial time

The Class NP
• NP is the class of decision problems for which

– a given proposed solution (called certificate) for
– a given input
– can be checked quickly (in polynomial time)
– to see if it really is a solution.

• A non-deterministic algorithm
– The non-deterministic “guessing” phase. 

• Some completely arbitrary string s, “proposed solution”
• each time the algorithm is run the string may differ

– The deterministic “verifying” phase.
• a deterministic algorithm takes the input of the problem 

and the proposed solution s, and
• return value true or false

– The output step.
• If the verifying phase returned true, the algorithm outputs 

yes. Otherwise, there is no output.
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P and NP

• Summary so far:
– P = decision problems that can be solved in 

polynomial time
– NP = decision problems for which a solution can be 

verified in polynomial time

– P ⊆ NP
– Unknown whether P = NP (most suspect not)

• Hamiltonian-cycle problem is in NP:
– Cannot solve in polynomial time
– Easy to verify solution in polynomial time 

NP-Complete Problems

• We will see that NP-Complete problems are the 
“hardest” problems in NP:
– If any one NP-Complete problem can be solved in 

polynomial time…
– …then every NP-Complete problem can be solved 

in polynomial time…
– …and in fact every problem in NP can be solved 

in polynomial time (which would show P = NP)
– Thus: solve hamiltonian-cycle in O(n101) time, and 

you have proved that P = NP.   

Reduction

• We call the input to a particular problem an instance of 
that problem

• An important notion in the study of NP-Completeness is 
reducibility
– Informally, a problem P can be reduced to another 

problem Q if any instance of P can be “easily 
rephrased” as an instance of Q, the solution to which 
provides a solution to the instance of P

• “easily” here is to be understood “in polynomial time”
• This rephrasing is called transformation

– Intuitively: If P reduces to Q, P is “no harder to solve”
than Q

The Class NP-Complete
• A problem P is reducible to a problem Q if 

– there exists a polynomial reduction function T such that
• For every string x, 
• if x is a yes input for P, then T(x) is a yes input for Q
• if x is a no input for P, then T(x) is a no input for Q. 
• T can be computed in polynomially bounded time. 

• Problem P is reducible to Q
– P ≤p Q
– Transforming inputs of P to inputs of Q

• Reducibility relation is transitive.

Defining NP-Completeness

• If R is polynomial-time reducible to Q, we denote this 
R ≤p Q

• Def. of NP-Hard: Problem Q is NP-hard
– If all problems R ∈ NP are reducible to Q

• Def. of NP-Complete: Problem Q is NP-complete
– If Q ∈ NP and all problems R ∈ NP are reducible 

to Q (i.e., Q ∈ NP and Q is NP-hard)
– Formally: Q ∈ NP and ∀ R ∈ NP, R ≤p Q

• If Q ≤p S and Q is NP-Complete, then S is also NP-
Complete

Proving NP-Completeness
• How can we prove that a problem Q is NP-Complete?

– Pick a known NP-Complete problem P
– Reduce P to Q

• Describe a transformation that maps instances of P to 
instances of Q, s.t. “yes” for Q = “yes” for P

• Prove the transformation works
• Prove it runs in polynomial time

– Prove Q ∈ NP 
• The logic is as follows:

– since P is NP-complete, 
• all problems R in NP are reducible to P, R ≤p P.

– since P ≤p Q then all problem R in NP satisfy R ≤p Q, 
• by transitivity of reductions

– therefore Q is NP-complete once we show that Q ∈ NP 
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Review: P and NP

• What do we mean when we say a problem 
is in P?
– A: A solution can be found in polynomial time

• What do we mean when we say a problem 
is in NP?

– A: A solution can be verified in polynomial time
• What is the relation between P and NP?

– A: P ⊆ NP, but no one knows whether P = NP

Review: NP-Complete

• What, intuitively, does it mean if we can reduce problem P to 
problem Q?
– P is “no harder than” Q

• How do we reduce P to Q?
– Transform instances of P to instances of Q in polynomial 

time s.t. Q: “yes” iff P: “yes”
• What does it mean if Q is NP-Hard?

– Every problem P∈NP ≤p Q
• What does it mean if Q is NP-Complete?

– Q is NP-Hard and Q ∈ NP
• How do we usually prove that a problem R

is NP-Complete?
• A: Show R ∈NP, and reduce a known 

NP-Complete problem Q to R

List of NP-Complete Problems

• Given one NP-Complete problem, we can prove many 
interesting problems to be NP-Complete using 
reductions

• Hundreds of problems have been shown to be NP-
Complete. The degree of difficulty for the different 
reductions varies

• Next we list a few NP-Complete problems

The SAT Problem
• One of the first problems to be proved NP-Complete 

was the satisfiability problem (SAT) which asks whether 
a given boolean formula is satisfiable:
– Given a Boolean expression on n variables, can we 

assign values such that the expression evaluates to 
1 (TRUE) ? 

– Example: φ=((x1 →x2) ∨ ¬((¬x1 ↔ x3) ∨ x4)) ∧¬x2
has the satisfying assignment x1=0, x2=0, x3=1, x4=1,   
since

– Cook’s Theorem (1971): The satisfiability problem is 
NP-Complete 

3-CNF-SAT
Literal: the occurrence of a variable or its negation in a boolean

formula
Conjunctive normal form (CNF): a boolean formula where 

each of the clauses is joined by AND (∧). 
3-CNF: Each of the conjunctive clauses has 3 “literals”. The 

literals are joined by OR (∨).

A truth assignment for a boolean formula φ is a set of
values for the variables of φ, and a satisfying assignment is 
a truth assignment that causes it to evaluate to 1.

A formula with a satisfying assignment is a satisfiable formula. 

The 3-CNF-SAT problem asks whether a given boolean formula 
in 3 CNF is satisfiable

The 3-CNF Problem
• Any boolean formula can be transformed into 3-CNF form.

• The 3-CNF Satisfiability problem is NP-Complete.

• The reason we care about the 3-CNF problem is that it is 
relatively easy to reduce to other
– Thus by proving 3-CNF NP-Complete we can prove 

many seemingly unrelated problems NP-Complete
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Three basic logic gates, 
with binary inputs and 
outputs. 

Under each gate is the 
truth table that describes 
the gate's operation

The NOT gate The AND gate The OR gate

Circuit Satisfiablility

(a) The assignment x1=1, 
x2=1, x3=0 causes the 
output of the circuit to be 
1. The circuit is therefore 
satisfiable. 
(b) No assignment to the 
inputs of this circuit can 
cause the output of the 
circuit to be 1. The circuit 
is therefore unsatisfiable.

Two instances of the circuit-satisfiability problem

Circuit-Sat problem is NP-Complete

• Circuit-satisfiability problem: Given a boolean
combinational circuit composed of AND, OR, and 
NOT gates, is it satisfiable?
– Circuit SAT is NP-complete (i.e., every problem in 

NP is reducible to circuit-satisfiability problem!)
• Circuit-satisfiablity problem

– we say that a one-output Boolean combinational 
circuit is satisfiable if it has a satisfying 
assignment,  a truth assignment (a set of Boolean 
input values) that causes the output of the circuit 
to be 1

Ham Cycle

Hamiltonian Cycle Problem : Does a given graph contains a 
hamiltonian cycle? (Yes or No answer)

If we find that such cycle exists return true. Else, return false.

HAM-CYCLE = {<G> : G is a hamiltonian graph}

HAM-CYCLE ∈ NP since there exists a polynomial-time 
algorithm such that, given a “certificate”, we can verify that 
the certificate is indeed a solution to the problem.

It can be shown that Ham Cycle is NP-complete

Clique Problem
First, some definitions:

A clique in an undirected graph G = (V,E) is a subset V’ ⊆ V, of vertices 
such that each pair of which is connected by an edge in E.

The following vertices in the subgraphs in blue are cliques since, for any 
pair of blue vertices, there is a connecting edge which is in G:

This graph has two cliques of 
degree 3; i.e. 3 vertices are in 
each clique. The size of each 
clique is 3.

The size of the clique 
is 4. It is also the 
max. Note that the 
number of incident 
edges (for those 
edges connecting 
vertices in the clique) 
is one less than the 
number of vertices in 
the clique.

Clique Problem
Clique: Given an undirected graph G = (V,E) and an integer k, 

does G have a subset V’ of k vertices such that for each distinct 
u,v ∈V’, {u,v} ∈E? 

Same as saying: does G have an embedded complete graph of 
size k (a complete graph is one where all the vertices are 
connected to each other)

The Clique Problem requires us to find the largest complete graph 
embedded within another graph.

Here are some complete graphs.

K1 K2 K3 K4 K4

Clique Problem
How could we go about finding all the non-trivial cliques 

(those with size > 2) in a graph?

We could create a list of all combinations of vertices up to 
|V|. All possible combinations of 3 vertices, 4 vertices, up 
to the one set that consists of |V| vertices.

You would then use the adjacency list or matrix 
representation to determine if there is an edge between 
each and every vertex in that combination.

CLIQUE = {<G,k> : G is a graph with a clique of siz e k}

Runtime: Ω(k2             )
| V |

k
| V |

k

|V|!

k! (|V|-k)!
=where
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Clique Problem
However, if we were given a set of vertices, we could easily 

determine if it comprised the vertices in a clique.

We would just have to verify that an edge existed between 
every pair of vertices.

Of course, we could first check if the number of incident 
edges for each vertex equals one less than the size of the 
clique, but that is only necessary. It is required, but is not 
enough to prove it.

The clique problem is in NP because we can, in polynomial 
time, determine if a “certificate” consisting of vertices has 
an edge between each pair of vertices.

Clique

• What is a clique of a graph G?
• A: a subset of vertices fully connected to each 

other, i.e. a complete subgraph of G
• The clique problem: how large is the maximum-size 

clique in a graph?
• Can we turn this into a decision problem?
• A: Yes, we call this the k-clique problem
• Is the k-clique problem within NP?

Clique (CLIQUE): Given an undirected graph G = (V,E) and an integer k, 
does G have a subset V’ of k vertices such that for each distinct u,v
∈V’, {u,v} ∈E? (Same as saying: does G have an embedded complete 
graph of size k)

Vertex Cover Problem

A vertex cover is a set of vertices such that every edge in the graph is 
incident upon at least one of those vertices. 

Be aware that the set of all vertices in a graph is a vertex cover, but it 
just happens to be the largest vertex cover.

The yellowed-vertices in the graph below comprise a vertex cover of 
size 5.

Vertex Cover
Vertex-Cover = {<G,k> : graph G has a vertex cover of size k }

What is the size of the smallest vertex cover? That is, what is the 
least of number of vertices in a particular graph such that it 
creates a vertex cover?

The problem is in NP, since, given a certificate (a set of vertices), I 
can easily determine, in polynomial time, if every edge is incident 
upon at least one of the vertices in that set.

Vertex Cover

• A vertex cover for a graph G is a set of vertices incident to 
every edge in G

• The vertex cover problem: what is the minimum size 
vertex cover in G?

• Restated as a decision problem: does a vertex cover of 
size k exist in G?

• Vertex cover is NP-Complete

Travelling Salesman Problem

• The well-known traveling salesman problem:
– Optimization variant: a salesman must travel to n cities, 

visiting each city exactly once and finishing where he 
begins.  How to minimize travel time?

– Model as complete graph with cost c(i,j) to go from city 
i to city j

• How would we turn this into a decision problem?
– A: ask if  there exixts a TSP with cost < k
– Cost is the total distance traveled



10

TSP

• The Traveling Salesman Problem:

– Complete graph with cost c( i,j) from city i to city j
– Is there a simple cycle over cities with cost < k ?

– TSPs (and variants) have enormous practical 
importance

• Shipping and freighting companies

• Lots of research into good approximation algorithms
– Recently made famous as a DNA computing problem

Later we examine a particular approximation 
algorithm for this problem.

TSP

Determining the shortest tour that includes all the vertices in a graph is 
not a problem that can be solved in polynomial time. Recall that a 
tour would visit each and every vertex of a graph once and only 
once.

But given a certificate of a sequence of vertices in a graph, we can 
verify, in polynomial time, if it is a tour of a certain length or less.

TSP = {<G,c,k> : G = (V,E) is a complete graph,

c is a function from V x V → Z,

k ∈ Z, and
G has a travelling salesman tour with cost at most k }

Being a complete graph makes the problem easier (in a way), as there 
is a path between EVERY pair of vertices.

The Knapsack Problem: another 
example of NP-complete problem

• The 0-1 knapsack problem:
– A thief must choose among n items, where the ith

item worth vi pounds and weighs wi kilos
– Carrying at most W kilos, maximize value

• A variation, the fractional knapsack problem:
– Thief can take fractions of items
– Think of items in 0-1 problem as gold bars, in 

fractional problem as buckets of gold dust

Subset Sum

If you have a set of integers, is it possible to determine if 
there is a subset such that the sum of the numbers in that 
subset sums to some value t?

Subset-Sum = {<S,t> : there exists a subset S’ ⊆ S such that 
t is equal to the sum of each of the numbers in S’ }

For example, if 
S = {1, 2, 7, 14, 49, 98, 343, 686, 2409, 2793, 16808, 17206, 117705,117993} 
and t = 138457, then the subset 
S' = {1, 2, 7, 98, 343, 686, 2409, 17206, 117705} 
is a solution.

3-Coloring
3-coloring (3Col): Given a graph G, can each of its vertices 

be labeled with one of 3 different “colors”, such that no 
two adjacent vertices have the same label?

3-Coloring
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Solving hard problems:
Approximation Algorithms

Many problems of practical significance are NP-complete and we are 
unlikely to find polynomial-time algorithm for solving them exactly. 
But there are at least three approaches to getting around NP-
completeness. 

• If the actual inputs are small, an algorithm with exponential running 
time may be perfectly satisfactory. 

• We may be able to isolate important special cases that are solvable 
in polynomial time. 

• It may still be possible to find near-optimal solutions in polynomial 
time (either in the worst case or on average). In practice, near-
optimality is often good enough. An algorithm that returns near-
optimal solutions is called an approximation algorithm.

Approximation Algorithms

We say that an algorithm for a problem has an 
approximation ratio of ρ(n) if, for any input of
size n, the cost C of the solution produced by the 
algorithm is within a factor of ρ(n) of the cost C* of 
an optimal solution:

Reference: [CLRS ch 35, page 891]

The traveling-salesman problem 
with the triangle inequality

APPROX-TSP-TOUR(G, c">)
1  select a vertex r V [G] to be a "root" vertex
2  compute a minimum spanning tree T for G from root r

using MST-PRIM(G, c, r)
3  let L be the list of vertices visited in a preorder tree walk of T
4  return hamiltonian cycle H that visits the vertices in the order L    

Reference: [CLRS ch 35.2.1, page 896]

APPROX-TSP-TOUR is a polynomial-time 2-approximation 
algorithm for the traveling salesman problem with the triangle 
inequality (i.e., ρ(n)=2 – the computed path will be at most twice 
the length of an optimal solution).

EXAMPLE (b) A MST T of these points, as computed by MST-
PRIM. Vertex a is the root vertex. (c) A walk of T , starting at a. A full walk 
of the tree visits the vertices in the order a, b, c, b, h, b, a, d, e, f, e, g, e, 
d, a. A preorder walk of T lists a vertex just when it is first encountered , 
as indicated by the dot next to each vertex, yielding the ordering a, b, c, 
h, d, e, f, g. (d) A tour of the vertices obtained by visiting the vertices in 
the order given by the preorder walk. This is the tour H returned by 
APPROX-TSP-TOUR. Its total cost is approximately 19.074

(e) An optimal tour H* for the 
given set of vertices. Its total 
cost is approximately 14.715


