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HOMEWORK ASSIGNMENT #3 SOLUTION

QUESTION 1

For incompressible, two-dimensional, inviscid flow in cartesian coordinates the
mass conservation equation states that:
du, Ou

In cylindrical coordinates the equivalent equation is:

o(rur) oup
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Show that the following flow fields satisfy above expressions:
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For uniform flow the equations are in cartesian coordinates, hence we have to use —*+—>
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Because uy and uy are simply cosntants 6_X =0and
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For the other flows the equation in cylindrical-polar coordinates has to be used, i.e.
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B FIGURE 6.17 The streamline pattern for a



w = constant

¢ = constant

B FIGURE 6.18 The streamline pattern for
a vortex.

1 ;o
A\ :’3"‘? A t&' r

B FIGURE 6.19
Motion of fluid ele-
ment from A to B:

(a) for irrotational
(free) vortex; (b) for
rotational (forced)
vortex.




QUESTION 2
The two-dimensional flow of a nonviscous, incompressible fluid in the vicinity

of a corner (see figure) is described by the stream function y =2r?sin2¢, where

v has units of m?s when r is in meters. Determine:

a. The radial and tangential components of the velocity

b. The corresponding velocity potential.

c. If the pressure at point (1) on the wall is 30 kPa, what is the pressure at point
(2)?

Express the velocity potential in Cartesian coordinates and comment on the
character of the equipotential lines.

e. Determine the mass flow rate across the points (x,y)=(2,2) and (x,y)=(11).

Assume the fluid density is p=10° kg/m® and the x—y plane is horizontal—that is,
there is no difference in elevation between points (1) and (2).
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{a) The radial and tangential velocity components can be obtained from the stream fune-
tion as (see Eq. 6.42)
1 éli

v, = ——— = 4rcos 20
roof

and
il
vy = ———= —4rsin2#
il
Since
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{(b)

it follows that

el

ar = 4r cos 24
and therefore by integration
¢ = 2r* cos 26 + f,(#) (1)
where fi(f) is an arbitrary function of #. Similarly
1 cleh ]
V=T T —4r sin 24
and integration yields
& = 2r?cos 20 + fi(r) (2)

where fi(r) is an arbitrary function of r. To satisfy both Egs. 1 and 2, the velocity po-
tential must have the form

d=2rrcos20 4+ C {Ans)

where C is an arbitrary constant. As is the case for stream functions, the specific value
of C is not important, and it is customary to let € = 0 so that the velocity potential for
this corner flow is

¢ = 2r” cos 20 {Ans)

In the statement of this problem it was implied by the wording “if possible™ that
we might not be able to find a corresponding velocity potential. The reason for this con-
cern is that we can always define a stream function for two-dimensional flow, but the
flow must be irrofational if there is a corresponding velocity potential. Thus, the fact
that we were able to determine a velocity potential means that the flow is irrotational.
Several streamlines and lines of constant ¢ are plotted in Fig. E6.4h. These two sets of
lines are orthogonal. The reason why streamlines and lines of constant ¢ are always
orthogonal is explained in Section 6.5.

Since we have an irrotational flow of a nonviscous, incompressible fluid, the Bernoulli
equation can be applied between any two points. Thus, between points (1) and (2) with
no elevation change

noviop Vi
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or
- P 2 3
Pz—P1+5(V1_V2} (3)
Since
V= -vf + -::3
it follows that for any point within the flow field
vz

(47 cos 26)* + (—4r sin 26)°
16r%(cos® 20 + sin® 26)
16r°



This result indicates that the square of the velocity at any point depends only on the ra-
dial distance, r. to the point. Note that the constant, 16, has units of s~2. Thus,

vi=(165"9)(1 m)* = 16 m?/s*
and

vi=(16579)(0.5 m)? = 4 m¥/s*
Substitution of these velocities into Eq. 3 gives

10°kg/m’

pa =30 X 10° N/m? + (16 m*/s* — 4 m*/s*) = 36 kPa {Ans)

The stream function used in this example could also be expressed in Cartesian
coordinates as
il = 2r¥sin 28 = 4r% sin f cos @
or
i = dxy

since x = rcos #and v = 7 sin #. However, in the cylindrical polar form the results can



QUESTION 3

A liquid drains from a large tank through a small opening as illustrated in the

figure. A vortex forms whose velocity distribution away from the tank opening
r

can be approximated as that of a free vortex having a velocity potential ¢=2—9.
T
Determine:
a. The streamfunction and draw the streamline pattern along with the velocity
profile.

b. an expression relating the surface shape to the strength of the vortex as
specified by the circulation 1.

P = Pam

Since the free vortex represents an irrotational flow field, the Bernoulli equation
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can be written between any two points. If the points are selected at the free surface. p, = p,
= 0, so that

=Lt (1)
=& =L

where the free surface elevation, z,. is measured relative to a datum passing through point (1).

The velocity is given by the equation

ir'.'-:h T
rof 2mr

Py =

‘We note that far from the origin at point (1), V; = », = 0 so that Eq. 1 becomes

1'*3
L= o 3 (Ans)
: Bworg
which is the desired equation for the surface profile. The negative sign indicates that the sur-
face falls as the origin is approached as shown in Fig. E6.6. This solution is not valid very
near the origin since the predicted velocity becomes excessively large as the origin is
approached.



QUESTION 4

The velocity potential for a cylinder (see Figure) rotating in a uniform stream of
2

fluid is ¢:Ur[1+a—2]cosa+;9 where 1T is the circulation. Define a
r T

nondimensional rotation rate by »*=wD/2U where D is the diameter, o is the
rotation rate and U is the uniform stream velocity.

Y

B

*

Hence show that the critical value of o
point Bis o"=-2.

such that the stagnation point is at

The rotation of the sphere is simulated with a free vortex, hence the tangential
velocity on the sphere is given by the tangentail velocity of the free vortex at

. r . . . o
r=a, ie uy= py— For a rotating disk the tangential velocity is related to the
za

angular velocity through u, = wr, hence u, = wa. Combining above two equations

we obtain .

The tangential velocity of the flow can be obtain using the velocity potential through

104 a’ ). r . o
Ug =———=-U| 1+—- |sin@+——. Hence, on the surface of the cylinder the velocity is
r o6 r2 27zr

. r . . . L
Up =—-2Usiné@ +2— and the stagnation points are the points where the velocity is zero and
za

. r . L .
they are located at the angle sin@ = 2 . If the stagnation point is located at point B the

sral

0 =—x12 hence sind = -1 hence which implies a a clockwise rotating vortex.

Combining the two equaitons we obtain —4zaU = 27a%w which can be simplfied to



Sketch the streamlines for different values of »*.




QUESTION 5

A source of strength m is located a distance ¢ from a vertical solid wall as shown in
the Figure. The velocity potential for this incompressible, irrotational flow is given by

¢:%{In[(x—£)z + y2}+ln[(x+ﬁ)2 - yz}}

(a) Show that there is no flow through the wall. (b) Determine the velocity distribution
along the wall. (c) Determine the pressure distribution along the wall, assuming
p = p, far from the source. Neglect the effect of the fluid weight on the pressure.

Source

e

The velocity in the x-direction can be obtained through:
04 _m 2(x—1) . 2(x+7)

oX Az |(x—0) +y? (x+0) +y?
If there is no flow through the wall then u = 0 at the location of the wall.
Note that the vertical velocity would not be zero as we have assumed
that the flow is inviscid. The wall is located at x = 0. So
u(x=0) = 2_252 + 226 ~t=0

A | 0°+y° (°+Yy

The vertical velocity along the wall v is obtained through:

V(x:0)26_¢:£ 2y " 2y _m 2y N 2y _ my
oy Am|(x—0)+y: (x+0) 2] Am|(0)+y? (0 +y?] Ax(F+YP)

The pressure along the wall can be obtained through Bernoulli's equation
pm?y?

1 2 1 2, \,2
p+opN[ =P = p=p—5 U +V) = pp-————
2PV =P P2 D2t ()



QUESTION 6

Potential flow against a flat plate (Fig.
P6.28 ¢) can be described with the stream function

y = Axy
where A is a constant. This type of flow is com-
monly called a “stagnation point” flow since it

the stagnation point at 0. By adding a source of
strength, m, at O, stagnation point flow against
a flat plate with a “bump” is obtained as illus-
trated in Fig. P6.29b. Determine the relationship
between the bump height, k, the constant, A; and

the source strength, m.
¥

can be used to describe the flow in the vicinity of
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