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from Elliptical Pools in Uniform Flow
Using the Boundary Element Method
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Abstract. The three-dimensional problem of advection-dispersion associated with an elliptical non-
aqueous-phase liquid (NAPL) pool is addressed using the boundary element method. The boundary
condition on the plane of the pool is such that over the pool the concentration is equal to the sat-
uration concentration while a no flux boundary condition is imposed in the region not covered by
the pool. The numerical results are verified by asymptotic analytical solutions obtained in the limits
of diffusion-dominated and convection-dominated mass transport. For cases of practical interest an
empirical expression is obtained for the Sherwood number that matches the numerical results over
a wide range of the relevant parameters. Comparison with experimental results suggests that the
corresponding numerical results predict a higher overall mass transfer coefficient.
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1. Introduction

Underground water constitutes an important proportion of the world water reserves.
Its over-exploitation and the increase in subsurface contamination renders this re-
source very vulnerable. Leaking underground storage tanks, ruptured pipelines,
surface spills, hazardous waste landfills and disposal sites can release contaminants
to soil and ground water. When released to the soil contaminants may (i) dissolve
in the ground water (aqueous-phase transport), (ii) spread through the pore spaces
as vapor (vapor-phase transport), (iii) sorb to colloidal particles and be transported
with these particles (facilitated transport), or (iv) transported as a separate non-
aqueous-phase liquid (known as a NAPL) that is immiscible in water and therefore
travel separately from water (non-aqueous-phase liquid transport).

Most of the NAPLs are organic and chlorinated solvents, and petroleum hy-
drocarbons. When a NAPL spill, which is more dense than water, infiltrates the
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subsurface environment, it will continue to migrate downwards leaving behind
trapped ganglia until it encounters an impermeable layer. There, it will form a
flat source zone or pool with relatively limited spatial extent (Hunt et al., 1988).
On the other hand, NAPL pools with densities lower than that of water will, as
they approach the saturated region, spread laterally and float on the water table
in the form of a pool. Due to their low solubility in water, NAPL pools may
lead to long-lasting sources of groundwater contamination (Bradford et al.,
1998).

The dissolution of a NAPL pool in a porous medium is modeled as an advection–
dispersion equation where the convection velocity is assumed to be uniform and
equal to the interstitial velocity of the water (Bear, 1972). The problem is addressed
in its fundamental form by considering all physical processes in their macroscopic
level. Hence, all the significant mechanisms of mass transfer are captured, that
is, convection–diffusion–reaction. Expressions for the dispersion coefficients were
obtained by Bear and Verruijt (1987) where it was shown that, to first order, they
depend linearly on the advection velocity. It should be noted however, that in the
case of small particles in porous media the dependence becomes parabolic for
asymptotically small Péclet numbers scaled by the particle size. At the NAPL–
water interface, the solubility concentration is often adopted as an appropriate
concentration boundary condition. This implies that thermodynamic equilibrium
is instantaneously approached at the interface and the process is dominated by
the advective–dispersive transport of the dissolved NAPL away from the inter-
face. This assumption was justified by residual NAPL dissolution experiments by
Borden and Kao (1992) and Borden and Piwoni (1992).

There is a relatively large body of available literature on the mathematical de-
velopment of NAPL pool dissolution (Prakash, 1984; Abriola and Pinder, 1985;
Leij et al., 1993; Toride et al., 1993; Seagren et al., 1994; Chrysikopoulos et al.,
2002). However, there is limited literature on the development of theoretical and
experimental overall mass transfer relationships. Furthermore, for simplicity, math-
ematical models that address the mass transport problem assume a homogeneous
(Neumann, Dirichlet or a linear combination) boundary condition on the plane of
the pool, by employing an average and time invariant mass transfer coefficient that
represents the entire pool (Hunt et al., 1988; Chrysikopoulos et al., 1994; Holman
and Javandel, 1996; Chrysikopoulos et al., 2003).

The two-dimensional problem of NAPL transport which takes into consider-
ation both the presence of the pool and of the impermeable layer has been ad-
dressed using the boundary element method in Fyrillas (2000). Similar techniques
were first used by Stone (1989) to address the problem of heat/mass transfer from
an elliptical film to a fluid undergoing a simple shear flow and by Bender and
Stone (1993) to consider the steady-state current at surface micro-electrodes. In
agreement to the classic boundary solution of Lévêque (1928) and the asymptotic
analysis by Phillips (1990), Stone (1989) has found that at high Péclet (Pe) num-
bers the total transport is of O(P e1/3); in the case of uniform flow, which is the
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topic of this work, the total transport is of O(P e1/2) for high values of Péclet
number.

The boundary element method offers the natural choice for this problem as it
combines numerical simplicity and accuracy. Regarding the former, the reduction
of the differential equation to an integral equation over the boundary reduces the
dimensionality, hence the complexity, of the problem. Furthermore, the integral
representation allows the consideration of an infinite-domain, direct calculation
of the concentration gradient, and de-singularization of the singular points which
translate into a high degree of accuracy. In general however, the numerical solution
of integral equations of the first kind is susceptible to oscillations due to the ill-
conditioning of the influence matrix (Pozrikidis, 1992, 1997). However, the integral
equations considered in the above references exhibit regular behavior and the major
difficulty is related to the presence of a singularity in the concentration gradient
along the edge of the pool. For the two-dimensional case Belward (1969) has
obtained an analytical expression for the concentration gradient by expanding the
kernel in terms of the modified Mathieu and Mathieu equations. He has shown
analytically the persistence of the square-root singularity at the leading and trailing
edges of the pool for all values of the Péclet number; he has also obtained the form
of the singularity for more general two-dimensional axisymmetric cases (Belward,
1972, 1974).

In this paper the work in Fyrillas (2000) is extended to three-dimensions con-
sidering the mass transport from elliptical pools in a fluid of uniform velocity.
In the next section we formulate the problem and present a Fredholm integral
equation of the first kind for the concentration gradient over the pool location. In
Section 3 analytical asymptotic expressions are obtained in the limit of small and
large Péclet numbers, which correspond to diffusion-dominated and convection-
dominated mass transport, respectively. A collocation boundary-element method
using constant functions over each element is used to solve the integral equation
numerically and the results are presented in Section 4. The numerical results are
verified with the asymptotic analytical solutions. Finally, in Section 5, we compare
the results predicted by this analysis with available experimentally determined
mass transfer coefficients.

2. Formulation

Consider an elliptical pool that is formed on top of an impermeable layer within a
three-dimensional, semi-infinite medium (Figure 1). This is related to the problem
of NAPL transport in a saturated, homogeneous and isotropic porous medium. It is
also related to the conductive–convective transport from a surface film on a planar
insulated boundary to a fluid in uniform flow.

It is assumed that the flow and the transport process are steady as we are con-
cerned with the long-time behavior of the process. In particular, the present results
offer a lower-bound on the total mass transfer. The steady-state transport of the
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Figure 1. Schematic representation of the conceptual physical model along with boundary
conditions. Uniform flow with unidirectional velocity Ux is flowing over an elliptical pool.
The concentration over the pool is the saturation concentration cs, while a no flux boundary
condition is imposed in the area not covered by the pool.

dissolving contaminant into the ambience under uniform flow conditions is gov-
erned by

Ux

∂C(X, Y,Z)

∂X
= Dx

∂2C(X, Y,Z)

∂X2
+Dy

∂2C(X, Y,Z)

∂Y 2
+

+ Dz

∂2C(X, Y,Z)

∂Z2
− λC(X, Y,Z),

where λ is the first-order decay coefficient, Dx , Dy and Dz are the dispersion
coefficients, and Ux is the average fluid velocity. The appropriate (inhomogeneous)
boundary condition on the planar boundary is:

∂C

∂Z

(
X2

a2
+ Y 2

b2
> 1, Z = 0

)
= 0, C

(
X2

a2
+ Y 2

b2
� 1, Z = 0

)
= cs,

while the far field conditions are

C(±∞,∞, Z) = C(X, Y,∞) = 0.

The problem is non-dimensionalized by scaling the X and Z coordinates with the
semi-axis a, the Y coordinate with the semi-axis b and the concentration by the
saturation concentration cs to obtain the dimensionless parameters:

Pex = Uxa

Dx

, P ey = Uxb
2

aDy

, P ez = Uxa

Dz

and � = λa

Ux

.

The problem takes the form:
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= 1
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+ 1

Pey
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∂y2
+ 1

Pez
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−
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with boundary conditions

∂c

∂z
(x2 + y2 > 1, z = 0) = 0, c(x2 + y2 � 1, z = 0) = 1,

and

c(±∞,∞, z) = c(x, y,∞) = 0.

The boundary element formulation can be easily derived as outlined by Stone
(1989), Bender and Stone (1993) and Fyrillas (2000). When evaluated on the plane
of the pool (z = 0) we obtain a Fredholm integral equation of the first kind for the
concentration gradient over the pool location, x2 + y2 � 1,

1 = −
√
Pex P ey

2π
√
Pez

∫
A

∂c(x′, y′, z′ = 0)

∂z′ exp

[
Pex(x − x′)

2

]
×

×
exp

[
−√

(P ex/4 +�)
√
(x − x′)2 Pex + (y − y′)2 Pey

]
√
(x − x′)2 Pex + (y − y′)2 Pey

dS(x′, y′),

(2)

where A defines integration over the pool (unit disk).

3. Analysis

In this section we obtain asymptotic solutions in the cases of diffusion-dominated
and convection-dominated mass transport. For simplicity it is assumed that there is
no decay, that is, � = 0.

3.1. DIFFUSION-DOMINATED MASS TRANSPORT

In the limit of small Pex , and Pey (Pex ≈ Pey � 1), the convection term can be
neglected and the problem is equivalent to mass transport from an elliptical disk.
The mass flux is given by (Landau and Lifshitz, 1960; Stone, 1989)

∂c

∂z
= −

√
Pez

(P ex P ey)1/4

1√
βK(1 − β2)

1√
1 − r2

, (3)

where β = √
Pey/P ex and K is the complete elliptic integral of the first kind.

Here and in what follows r and θ are the polar coordinates in the x–y plane.
The boundary element formulation (2) suggests that the applicability of the

above expression is less restrictive and is also valid for any value of Pey , provided
that Pex � 1/P ey . Physically it implies that the convection effect has to be small
enough such that to suppress any coupling between convection in the x-direction
and diffusion in the y-direction.
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3.2. CONVECTION-DOMINATED MASS TRANSPORT

In the limit of large Pey the axes of the ellipse in the Y -direction becomes in-
finite and the pool resembles an infinite strip. Hence, we assume a ‘quasi-steady’
approximation in the y-direction (Stone, 1989); that is the profile of the gradi-
ent (∂c/∂z) on a constant y line is approximated by the classical boundary layer
result −√

Pez/(πx) to obtain the corresponding result for the three-dimensional
case

∂c

∂z
(z = 0) = −

√
Pez

π

1√
r cos(θ)+ √

1 − r2 sin(θ)2
. (4)

4. Numerical Results

A numerical evaluation of the concentration gradient by applying the boundary
element method to the integral (2) is performed. The numerical approach employed
is the collocation boundary element method (Pozrikidis, 1992, 1997), where the
local basis functions are step functions. Boundary element offers the natural choice
for this problem taking into consideration the linearity of the problem. It allows the
reduction of the dimensionality of the problem, that is, although the problem is
associated with an infinite 3D domain, the problem is solved over the unit disc;
furthermore, the high degree of accuracy permits the numerical solution of asymp-
totic cases with respect to the Péclet numbers, that is, we were able to consider
both small and large Pex and Pey numbers.

The analysis of this section closely follows previous analyzes on similar prob-
lems (Stone, 1989; Fyrillas, 2000). The pool is subdivided in circular segments and
the integral equation (2) is ‘de-singularized’ by defining the function f :

f (x, y) = − 1√
1 − r2

∂c(x, y, z = 0)

∂z
.

The coefficients of the influence matrix are computed by Gauss quadratures (Press
et al., 1989), Gauss–Legendre for the non-singular elements and Gauss–Chebyshev
for the singular elements.

Experimentation has shown that a correct evaluation of the diagonal terms of the
influence matrix is very important for stability and accuracy. It involves integration
of a singular kernel and in addition, when the element is next to the boundary
of the pool, it involves a square-root singularity along the boundary. The former
is related to the Green’s function of the problem while the latter is an artifact of
the de-singularization of the boundary element equation. The presence of the two
singularities renders an analytical integration too tedious. Instead, we numerically
integrate over the unit disk using Gauss–Chebyshev quadrature. This takes into
account the square-root singularity along the boundary. The origin of the polar
coordinate system is taken to be at the origin of the singular element which removes
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the singularity of the kernel. The diagonal term can be evaluated by subtracting the
sum of the integrals of the rest of the elements.

4.1. AVERAGE (OVERALL) MASS TRANSFER COEFFICIENTS

The average mass transfer coefficient is defined as (Chrysikopoulos et al., 1994;
Incropera and DeWitt, 1990):

h̄m = − De

Ascs

∫
A

∂C(X, Y,Z = 0)

∂Z
dX dY

= −Deb

As

∫ 1

0

∫ 2π

0

∂c(x, y, z = 0)

∂z
r dr dθ, (5)

where As is the area of the pool and A defines integration over the pool; De =
D/τ ∗ is the effective molecular diffusion coefficient; D is the molecular diffusion
coefficient and τ ∗ is the tortuosity.

We also define the dimensionless Sherwood number (Incropera and DeWitt,
1990)

Sh = As/b

De

√
Pex

P ez
h̄m,

which for the asymptotic expressions (3) and (4) is calculated to be

Sh = 2π

βK(1 − β2)
for diffusion-dominated, (6)

and

Sh ≈ 4.9442

√
Pex

π
for convection-dominated. (7)

As a benchmark, the code was tested for the case that there is no convection, that
is, the Laplace equation, and the results were compared to the analytical results
(3) and (6). As shown in Figure 2 there is an excellent agreement between the
numerical and the analytical results.

In Figures (3)–(5) we compare the Sherwood number obtained from the nu-
merical results with that calculated from the asymptotic results (6 and 7). For
small Pex (Figure 3), the numerical results suggest that (6) adequately predicts
the overall mass transfer coefficient as justified in Section 3 (diffusion-dominated
mass transport).

For moderate and large values of Pex (Figures 4 and 5), comparison between (6)
and the numerical results suggest that the agreement between the two is restricted
for small values of Pey while the asymptotic result (7) is readily attained. In the
same figures, we also plot an approximate expression which was calculated by
curve-fitting a large number of numerical data. The expression lies within 5% of
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Figure 2. Comparison between the analytical result (6) (solid curves) and numerical results
(solid points) for the case of no convection (Laplace equation).

Figure 3. Comparison between the asymptotic result (6) (solid curve) and the numerical re-
sults (solid points) for Pex = 0.001. The dashed line corresponds to the asymptotic result
(7).

Figure 4. Comparison between the asymptotic result (6) (thick-solid curve) and the numerical
results (solid points) for Pex = 10. The dashed line corresponds to the asymptotic result (7)
while the fine-solid curve to the empirical equation (8).

the numerical data for Péclet numbers less than 100:

Sh = 2π

βK(1 − β2)

(
1 + 0.3038Pe0.8094

x

exp(0.0323 log2(P ex))

√
β

)
. (8)
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Figure 5. Comparison between the asymptotic result (6) (thick-solid curve) and the numerical
results (solid points) for Pex = 1000. The dashed line corresponds to the asymptotic result
(7) while the fine-solid curve to the empirical equation (8).

5. Comparison with Experimental Results

Experimental results for mass transfer coefficients are quite limited. In Figure 6,
results for h̄m predicted by this work are compared with those obtained experi-
mentally by Lee (1999) and Lee and Chrysikopoulos (2002) in a circular (a =
b = 3.8 cm) trichloroethylene (TCE) pool dissolution experiment in a homoge-
neous, fully saturated bench scale aquifer under various interstitial velocities. The
dispersion coefficients are evaluated using (Bear and Verruijt, 1987)

Dx = αLUx +De and Dz = Dy = αVUx +De, (9)

where αL and αV are the longitudinal and vertical dispersivities respectively. Lee
(1999) and Lee and Chrysikopoulos (2002) has obtained De = 2.11 × 10−2 cm2/h,
αL = 0.259 cm, and αV = 0.019 cm.

In Figure 6, we show a comparison between the theoretical and the experimental
results for the mass transfer coefficient. The numerically obtained overall mass
transfer coefficient h̄m (solid line in Figure 6) is higher than the one obtained in the

Figure 6. Comparison between numerical results (solid curve) and experimental data (solid
points) in a circular TCE pool dissolution experiment in a homogeneous, fully saturated bench
scale aquifer under various interstitial velocities. The fine-dashed curve corresponds to the
two-dimensional results obtained in Fyrillas (2000). The thick-dashed curve corresponds to
the three-dimensional results without convection (Eq. (6)).
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experiments (solid points). A possible explanation might be that the experiments
were performed in a rectangular glass tank with finite dimensions while the numer-
ical domain is assumed to be infinite. Another factor for the disagreement is that in
the presence of small particles, micro-scale and adsorption-desorption effects play
a significant role on the dependence of the dispersion coefficients on the advection
velocity; in such cases the dependence becomes asymptotically parabolic for small
Péclet numbers.

6. Conclusions

We have presented a boundary element formulation and a numerical solution of
the problem of advection–dispersion mass transport associated with an elliptical
NAPL pool in uniform flow. The problem is modeled by defining the concentra-
tion over the pool, which is assumed to be equal to the solubility concentration,
and a no-flux boundary condition in the area not covered by the pool. We de-
rive a Fredholm integral equation of the first kind for the concentration gradient
which is de-singularized and solved numerically using a collocation boundary-
element method. The agreement between the numerical results and the asymptotic
results is quite satisfactory. Comparison with experimental results suggests that
the corresponding numerical results predict a higher overall mass transfer coeffi-
cient. Possible explanations are that the experimental domain is finite while the
numerical domain is infinite and also the assumed linear relationship between the
advection velocity and the dispersion coefficients. The latter is not valid in the case
of small particles in porous media because in such cases the dependence becomes
asymptotically parabolic for small Péclet numbers.

Acknowledgements

The authors would like to express their gratitude to Bernard Philippe for his sup-
port. The first author would like to thank Howard Stone, Costas Chrysikopoulos
and John Belward for the helpful discussions and for pointing out some important
references. This work was supported by an ERCIM (European Research Con-
sortium in Informatics and Mathematics) fellowship grant 2002–06 awarded to
the first author and through the Swiss National Foundation for Research project
PAER2-101107.

References

Abriola, L. M. and Pinder, G. F.: 1985, A multiphase approach to the modeling of porous media
contamination by organic compounds. 1. Equation development, Water Resour. Res. 21, 11–18.

Bear, J.: 1972, Dynamics of Fluids in Porous Media, Dover, New York.
Bear, J. and Verruijt, A.: 1987, Modeling Groundwater Flow and Pollution, Reidel, Dordrecht.
Belward, J. A.: 1969, The solution of an integral equation of the first kind on a finite interval, Quart.

Appl. Math. 27, 313–321.



NUMERICAL CALCULATION OF MASS TRANSFER 101

Belward, J. A.: 1972, Solutions of some Fredholm integral equations using fractional in-
tegration, with an application to a forced convection problem, J. Appl. Math. Phys. 23,
901–917.

Belward, J. A.: 1974, On the relationship of some Fredholm integral equations of the first kind to a
family of boundary value problems, J. Math. Quart. Anal. Appl. 48, 184–199.

Bender, M. A. and Stone, H. A.: 1993, An integral equation approach to the study of the steady state
current at surface microelectrodes, J. Electroanal. Chem. 351, 29–55.

Borden, R. C. and Kao, C. M.: 1992, Evaluation of groundwater extraction for remediation of
petroleum-contaminated acquifers, Water Environ. Res. 64, 28–36.

Borden, R. C. and Piwoni, M. D.: 1992, Hydrocarbon dissolution and transport – a comparison of
equilibrium and kinetic models, J. Contam. Hydrol. 10, 309–323.

Bradford, S. A., Abriola, L. M. and Rathfender, K.: 1998, Flow and entrapment of dense nonaqueous
phase liquids in physically and chemically heterogeneous aquifer formations, Adv. Water Resour.
22, 117–132.

Chrysikopoulos, C. V., Voudrias, E. A. and Fyrillas, M. M.: 1994, Modeling of contaminant transport
resulting from dissolution of nonaqueous phase liquid pools in saturated porous media, Transport
in Porous Media 16, 125–145.

Chrysikopoulos, C. V., Hsuan, P.-Y. and Fyrillas, M. M.: 2002, Bootstrap estimation of the mass
transfer coefficient of a dissolving nonaqueous phase liquid pool in porous media, Water Resour.
Res. 38(3), 1026.

Chrysikopoulos, C. V., Hsuan, P.-Y., Fyrillas, M. M. and Lee, K. Y.: 2003, Mass transfer coefficient
and concentration boundary layer thickness for a dissolving NAPL pool in porous media, J. Haz.
Mat. B97, 245–255.

Fyrillas, M. M.: 2000, Advection–dispersion mass transport associated with a non-aqueous-phase
liquid pool, J. Fluid Mech. 413, 49–63.

Holman, H.-Y. N. and Javandel, I.: 1996, Evaluation of transient dissolution of slightly water-
soluble compounds from a light nonaqueous phase liquid pool, Water Resour. Res. 32,
915–923.

Hunt, J. R., Sitar, N. and Udell, K. S.: 1988, Nonaqueous phase liquid transport and cleanup. 1.
Analysis of mechanisms, Water Resour. Res. 24, 1247–1258.

Incropera, F. P. and DeWitt, P.: 1990, Fundamentals of Heat and Mass Transfer, Wiley.
Landau, L. D. and Lifshitz, E. M.: 1960, Electrodynamics of Continuous Media, Pergamon Press,

New York.
Lee, K. Y.: 1999, Dissolution of nonaqueous phase liquid pools in saturated porous media. PhD

Dissertation, University of California, Irvine.
Lee, K. Y. and Chrysikopoulos, C. V.: 2002, Dissolution of a well-defined trichloroethylene

pool in saturated porous media: Experimental results and model simulations, Water Res. 36,
3911–3918.

Leij, F. J., Toride, N. and van Genuchten, M. Th.: 1993, Analytical solutions for non-equilibrium
solute transport in three-dimensional porous media, J. Hydrol. 151, 193–228.

Lévêque, M. A.: 1928, Transmission de chaleur par convection, Annls Mines 13, 283.
Phillips, G. P.: 1990, Heat and mass transfer from a film into steady shear flow, Q. J. Mech. Appl.

Math. 43, 135–159.
Pozrikidis, C.: 1992, Boundary Integral and Singularity Methods for Linearized Viscous Flow,

Cambridge University Press, Cambridge.
Pozrikidis, C.: 1997, Introduction to Theoretical and Computational Fluid Dynamics, Oxford

University Press, Oxford.
Prakash, A.: 1984, Ground-water contamination due to transient sources of pollution, J. Hydraul.

Eng. 110, 1642–1658.
Press, W. H., Flannery, B. P., Teukolsky, S. A. and Vettering, W. T.: 1989, Numerical Recipes: The

Art of Scientific Computing, Cambridge University Press, Cambridge.



102 M. M. FYRILLAS AND E. J. KONTOGHIORGHES

Seagren, E. A., Rittmann, B. E. and Valocchi, A. J.: 1994, Quantitative evaluation of the en-
hancement of NAPL-pool dissolution by flushing and biodegradation, Environ. Sci. Technol. 28,
833–839.

Stone, H. A.: 1989, Heat/mass transfer from surface films to shear flows at arbitrary Peclet numbers,
Phys. Fluids A 1, 1112–1122.

Toride, N., Leij, F. J. and van Genuchten, M. Th.: 1993, A comprehensive set of analytical solu-
tions for nonequilibrium solute transport with first-order decay and zero-order production, Water
Resour. Res. 29, 2167–2182.


