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AMAT 223  FINAL EXAM PRACTICE PROBLEMS SPRING 2009 
 

QUESTION 1 
Let kjiu

rrrv
32 +−= and kjv

rrr += .  
a) Find |||,| vu

rr
 

b) Find a unit vector parallel to u
v

. 
c) Find vu

rr •  and vu
rr× . 

d) Are the two vectors perpendicular to each other? Are they parallel? Why or why 
not? 

e) Find the equation of the plane that is perpendicular to u
r

 and passes through the 
point )1,0,1(P . 

f) Find a unit vector that is perpendicular to both u
r

and v
r

. 
 
QUESTION 2 
Consider the points ),2,0,1(),2,1,1( BA − and )1,2,1( −−C  

a) Let BAw
rr = and CAs

rr = . Find sw
rr

, and || w
r

. 
b) Find a vector perpendicular to both w

r
and s

r
. 

c) Write down the equation of the plane containing the points BA, and C . 
 
QUESTION 3 

a) Consider the surface with equation 12532 =+− zyx : 
i) Name the surface. 
ii)  Find and name its trace on the xy-plane. Sketch this trace on the xy-plane. 
iii)  Find and name its trace on the yz-plane. Sketch this trace on the yz-plane. 

b) Consider the surface with equation 2
2

9
y

x
z +=  .  

i) Find and name its trace on the plane 3=x . Sketch the vertical projection of 
this trace on the yz-plane. 

ii)  Find and name its trace on the plane 1=z . Sketch the vertical projection of   
this trace xy-plane.   

iii)  Find and name its trace on the plane 1−=z . Sketch the vertical projection of   
this trace on the xy-plane. 

 
c) Consider the surface with equation 122 =+ yx : 
i) Name the surface 
ii)  Find and name its trace in the plane 5=z . Sketch the vertical projection of 

this trace on the xy-plane. 
iii)  Find and name its trace in the plane 2−=z . Sketch the vertical projection of 

this trace on the xy-plane. 
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d) Consider the surface with equation xz ln= : 
iv) Name the surface 
v) Find its trace in the plane 5=y . Sketch the vertical projection of this trace on 

the xz-plane. 
vi) Find its trace in the plane 2−=y . Sketch the vertical projection of this trace 

on the xz-plane. 
 
 
QUESTION 4 

 
Consider the function 23 45),,( zxzxyyzyxF +−+= . The function ),( yxfz =  is 
defined implicitly by the equation 2),,( =zyxF , i.e. by the equation  

245 23 =+−+ zxzxyy . 

a) Find ,,, zyx FFF and F∇
v

. 

b) Find 
x

z

∂
∂

 and 
y

z

∂
∂

 . 

c) Consider the surface defined (implicitly) by the above equation, 
245),,( 23 =+−+= zxzxyyzyxF . Find the equation of the tangent plane 

to this surface at the point ).1,0,1(P  
 

QUESTION 5 
 
I. Consider the function yyxxyxf 33),( 33 −+−= . 

a) Find yyxxxyyx fffff ,,,,  and D . 

b) Find and classify the critical points of the above function ),( yxf . 
 
II.   Consider the function yxyxyyxf 423),( 22 −−+= . 

c) Find yyxxxyyx fffff ,,,,  and D . 

d) Find and classify the critical points of the above function ),( yxf . 
 
 
III.  Use the method of Lagrange Multipliers to find the maximum and /or 

minimum value(s) of the function 22),( yxyxf +−=  subject to the 

constraint 822 22 =+ yx . 
 
IV.  Use the method of Lagrange Multipliers to find the maximum and /or 

minimum value(s) of the function yxyxf 34),( +=  subject to the 

constraint 1132 22 =+ yx . 
 
 
 
 



 3 

QUESTION 6 

Consider the following  vector fields:  

jyxiyxyxF ˆ )35(    ˆ  )52(),( 2+−+−=
r

                    

jyxixyxH ˆ )63(    ˆ  )25(),( 2 ++−=
r

                       

a) Find F
rr

×∇  and H
rr

•∇  

b) Is the given vector field ),( yxF
r

 conservative? If it is, find an ),( yxf  such that .fF ∇=
rr

  

c) Is the given vector field ),( yxH
r

 conservative? If it is, find a ),( yxh  such that .hH ∇=
rr

 

d)  Let 1C  be the curve 3xy =  from the point )0,0(  to the point )1,1( . Evaluate the line 

integral     )63(      )25(
1

2
∫ ++−
C

dyyxdxx . 

e) Let 2C  be the curve 132 ++= xxy  from the point )1,0(  to the point )5,1( . Evaluate the 

line integral ∫ +−+−
2

)35()52( 2

C

dyyxdxyx  .  

 
QUESTION 7 

a) Let ),( yxf  be a function for which the following double integrals exist. 

 Rewrite each double integral with the order of integration reversed: 

(i) ∫ ∫
45

8

23

4

),(  yxf  dy  dx   (ii) ∫ ∫
4

0

1

4

),(  
y

yxf  dx  dy  

(iii) dxdyyxf
x

∫ ∫
3

1

ln

0

),(                   (iv)     ∫ ∫
1

0 0

),(  dydxyxf
y

 

(v) dydxyxf
y
∫ ∫
1

0

1

),(     

 
 
 

QUESTION 8 

a) Let ,cosθrx =  .sinθry =  Find the Jacobian 
),(

),(

θ∂
∂

r

yx
J =  of this transformation.  

b) (i)  Sketch the curve with rectangular equation 24 xy −= . Rewrite the equation in polar 
form. 

(ii) Rewrite the double integral ∫ ∫
−

+
2

0

4

0

322

2

)(   
x

yx  dxdy  in polar coordinates and evaluate it. 
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c) (i)  Sketch the curve with rectangular equation 22 xy −= .Rewrite the equation in polar 
form. 

(ii) Rewrite the double integral ∫ ∫
−

−

+

2

2

2

0
22

2x

yx

x
 dxdy  in polar coordinates and evaluate it. 

 

d) (i)  Sketch the curve with rectangular equation 21 yx −= . Rewrite the equation in polar 

form. 

(ii) Rewrite the double integral ∫ ∫
−

−

+
1

1

1

0

22

2y

yx  dydx  in polar coordinates and evaluate it. 

 
 
 
 
 
 

 


