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Abstract

We extend the navigation function methodology, established for
single robot navigation, to the case of multiple robots. Appropriate
expression of the robot potential functions guarantees global conver-
gence. The derived closed form navigation function provides a robust
navigation scheme, suitable for real time implementation. The colli-
sion avoidance and global convergence properties are verified through
simulations.

1 Introduction

Navigation of mobile robots has been an area of great research interest in
robotics. Most efforts have been focused at the case of a single robot navi-
gating in an environment with obstacles. Recently, navigation for multiple
mobile robots is gaining increasing attention. The basic motivation for this
work comes from the field of micro robotics, where a team of autonomous
micro robots must cooperate to achieve manipulation precision in the sub
micron level. Multi robot navigation arises as a basic issue in this task.
There have been several attempts to treat the multi robot navigation
problem. Methodologies of motion planning with multiple robots are di-
vided into two large categories. The first category is Centralized Planning,
which consists of planning the coordinated paths of multiple robots as a path



in their composite configuration space: Barraquand, Langlois and Latombe
[1] described an off line potential field based method to navigate disk shaped
robots in narrow corridors. Tournassoud [16] proposed a variant of the po-
tential field approach where motion coordination was expressed as a local
optimization problem but global convergence could not be guaranteed since
robots could reach a deadlock state where one robot was blocking the other.
Barraquand and Latombe ([2],[3]) applied randomized path planner - an
off line potential field based approach that uses random motions to es-
cape local minima. The second category is Decoupled Planning ([8],[11]), in
which paths for each robot are planned independently of other robots and
then interactions between paths are considered: O’Donnel and Lozano-Perez
[11] proposed Path Coordination, a decoupled planning approach based on a
scheduling technique for dealing with limited resources. We are mainly inter-
ested in on line planners, so we will treat the first category of methodologies.

The multi robot navigation problem we treat in this paper can be stated
as follows: “Derive a control law, which drives the robots from any initial con-
figuration to the goal configuration avoiding collisions. The environment is
assumed perfectly known and stationary, while each robot has global knowl-
edge of the environment and the team configuration”. Our basic idea is to
use the gradient of a potential function to navigate a team of robots, while
each robot acts as a potential obstacle to the others.

The rest of the paper is organized as follows: Section 2 outlines the
concept of navigation functions. Section 3 introduces the new terminology
and the mathematical tools required for the analysis. A proof of correctness
is provided in this section.

2 Navigation Functions

Navigation functions are real valued maps realized through cost functions,
whose negated gradient field is attractive towards the goal configuration and
repulsive wrt obstacles. It has been shown (Koditschek and Rimon [6]) that
strict global navigation (i.e. with a globally attracting equilibrium state)
is not possible and a smooth vector field on any sphere world, which has a
unique attractor, must have at least as many saddles as obstacles. Our as-
sumption that we have spherical robots and spherical obstacles does not con-
strain the generality of this work since it has been proven [6] that navigation
properties are invariant under diffeomorphisms. Methods for constructing
analytic diffeomorphisms are discussed in ([13],[12]) for point robots and in
[14] for rigid body robots.

Let us assume the following situation: We have m mobile robots, and



their workspace W C R? . Each robot R;, i = 1...m occupies a disk in the
workspace: R; = {q € R*: ||¢ — ¢|| < r;} where ¢; € R? is the center of the
disk and r; is the radius of the robot. The configuration of each robot is rep-

resented by ¢; and the configuration space C'is spanned by ¢ = [q¢f ... qﬁ]T.
A navigation function can be defined as follows:

Definition 1. Let FF C R"™ be a compact connected analytic manifold with
boundary. A map ¢ : F — [0,1] is a navigation function if:

1. Is analytic on F,

2. It has only one minimum at qq € }?’ ,

3. Its Hessian at all critical points (zero gradient vector field) is full rank
and

4. lim o(q) =1

Essentially, the sought control law will be ¢ = v where
u=—-K-Vep(q)

, where K is a gain. We will prove that the class of navigation functions
introduced in [6] for single robot navigation, if properly extended, can be
used in the multi robot case. We consider the class of navigation functions
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the cost function, for which y~*(0) denotes the desirable set and G~*(0) the
set, which we want to avoid. A suitable choiceisy = 7%, where 74 = [|l¢ — qa|®
is the squared metric of the current configuration ¢ from the destination gg.
The following theorem will help us on deriving results for the function ¢ by
examining the simpler function ¢ :

Theorem 1 ([6]). Let I1,Iy C R be intervals, ¢ : F' — I} and o : I} — I
be analytic. Define the composition ¢ : F' — Iy , to be p = cop . If o
is monotonically increasing on Iy, then the set of critical points of ¢ and
coincide and the (Morse) index of each critical point is identical.



3 Mathematical Tools - Terminology

The robot proximity functions, a measure for the distance between two robots
i and j, are defined by: 8 (¢) = ¢"Dyi;q — (r; +7;)°, where r; is the radius
of the ¢’th robot and
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Some useful properties are: D;; = D], D;j = Dj; , DYy = 2" 'D;; . The
gradient and hessian of 3;; are V3, ; (¢) = 2D;; - q, because Vq = V¢© =1
and V23, ;(q) = 2D;;. We will use the term ‘relation’ to describe the
possible collision schemes that can be defined in a multi robot - obstacles
scene. The ‘set of relations’ between the members of a set can be defined
as the set of all possible collision schemes between the members. A binary
relation is a relation between two robots. Any relation can be expressed
as a set of binary relations. A ‘relation tree’ is the set of robots-obstacles
that form a linked team. Each relation may consist of more than one tree

(figure 1). We will call the number of binary relations in a relation, the

‘relation level’.
B9 &

Figure 1 : (a) One — tree relation, (b) Two tree relation

A relation proximity function (RPF) provides a measure of the dis-
tance between the robots involved in a relation. Each relation has it’s own
RPF. An RPF assumes the value of zero whenever the related robots collide
and increases wrt the distance of the related robots:

br=q" - Prp-q— > (ritr;)’ (3)
{i,j}ER

where R is the set of binary relations (e.g. for the relation in figure (1.b)
R = {{A,B}, {A,C},{B,C},{D,E}} )and Pr= ) D,;is the rela-

{i,j}€R



tion matrix of RPF. The gradient and Hessian of the RPF are: Vbg = 2Pg- q
and VQbR = 2PR
A Relation Verification Function (RVF) is defined by:

IR, <ij’ BRJC) =bg, +A- ij/<ij + Bl/h) (4)

where \,h > 0, RJC is the complementary to R; set of relations in the same

level, 7 is an index number defining the relation in the level and Bre =
[T bx . An RVF is zero if a relation holds while no other relation from

kRS

the same level holds and has the properties: (a) lim hm gz (x,y) = X, (b)

rz—0y—0

lim hm gz (x,y) =0

y—0 z—0

Based on the above properties, in a robot proximity situation, one can
verify that: if (gRj)k = 0 at some level k then (gg,), # 0 for any level h and
1 # j in level k . It should be noted hereby that since in the highest relation
level only one relation exists, there will be no complementary relations and
the RVF will be identical to the RPF e.g. A = 0 for this relation.

The gradient and the Hessian of g, (z,y) are given below:

K (b’ 5) = Vb (1 i +)\Bl/h) - (b Jl: éi/h)Q (Vb - Vgl/h) (5)

Vzg (b’ E) - (1 - b+b1/h> Vb - (b bl/h)QVb <Vb + vgl/h)T+
<V2b+ v2b1/h>)

ny NR,L (6)

We can now define G = H H (gRJ) with nz, the number of levels and

1=
ng, L the number of relatwns in Zevel L . Figure (2) demonstrates several

types of relations of a four — member team.

boa(—2 (Vb n vBl/h) (Vb + Vbl/h)T _
D Gy

3.1 Proof of correctness

Let € > 0 . Define B! () = {q:0 < (gr, (¢)), <} . We can then discrimi-
nate the following topologies:

1. The destination point ¢4
2. The free space boundary: OF (¢) = G~ (§), d — 0

b}
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Figure 2 : I, II are level 3; IV, V are level 4 and III is a level 5 relation
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3. The robot/obstacle proximity set:Fy (¢) = |J | BF(¢) — {qq} , with
L=1 i=1
nr and ng, L as defined above.

4. The robot/obstacle distant set: Fy (¢) = F — ({qa} U Fo (¢))

Proposition 1. The destination point qq is a non — degenerate local mini-
mum of .

Proof. Similar to this found in [6]. From eq. (1), we have:

1 1 1
Vo (qa) = —— ((fyg + G) 'k Vg — 74V (75 + G) /k:) =0
(v +G) 7k

since at g4 both v, and V~, are zero. The Hessian at a critical point is:

1
Vip =

k 1/k 2 2 (. k 1/k
3 (i +G) TV =7V (v + G)
(vi+G) %
but at gd, V?v, = 21 and the Hessian reduces to:
(V20) (aa) = 26711
which is non — degenerate. O

Proposition 2. All the critical points are in the interior of the free space.

Proof. Let gy be a point on dF and suppose that (gR].)I‘g (qo) = 0 for the
relation j of level k. Then (gg,), (¢o) > 0, for any level h and i # j in level
k, because only one RVF can hold at a time. Then at qq:

((’Yg + G)% Vya =7V (74 + Gﬁ) =

a0

\% (0): 2
¥\ (7§+G)E
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Proposition 3. For every e > 0 , there exists a positive integer N (&) such
that if k > N (g) then there are no critical points of ¢ in Fy (¢) .

Proof. Similar to this found in [6]. From eq. (2) it follows:
.1 -
Vo = =5 (Gh ' V7a =7V G)
At a critical point it will be:

v, VG = GkVy

Taking the magnitude of both sides:

2rG =/ VG|
because ||Vyq|| = 24/7a - A sufficient condition for the above equality not to
hold is: Neritcel
Ly\/7a
> RN ——
"G
for all
q€ Fi(e)

An upper bound for the right side of the inequality can be derived, provided
that the workspace (or configuration space) C' is bounded and is given by:

1 \Y/€: LBk
2\/%2, ” max{\/%}ZZmax{HV gRJ H} N (e
L=1 j=1
since (gr,), >¢&,7 € {0.npr},L €{0.n} . O

Hence the set away from the obstacles is ‘cleaned’ from critical points.
The workspace can be bounded with several obstacles prohibiting the motion
of robots beyond them or by defining a world obstacle in the sense of robot
proximity function: ,,; = (—1) (qZT ¢ — (rw — ri)2) where the index i refers
to the robot and the index w refers to the world obstacle.

Proposition 4. There exists an €y > 0 , such that ¢ has no local minimum
in Fy (), as long as € < &y.



Proof. 1f ¢ € Fyy ()NCy , where Cy is the set of critical points, then g € BY (¢)
for at least one set {L,i}, i € {l.ngr}, L € {1...n.} with ny the number
of levels and ng 1, the number of relations in level L . We will use a unit vector
as a test direction to demonstrate that (V2p) (¢) has at least one negative
eigenvalue. At a critical point,

. 1 _
(V@)(Q):@(/ﬂ'(}-ﬁ LoV — 2k VGE) =0

Hence
VG = GkVry (7)

The Hessian at a critical point is:
. 1
(V*9) (a) = 55 (G- V*3i =71 - V*G)

and expanding:

k—2

A 7,
(V*2) (0) = -Gz (kG [ha- VP + (k= 1) V3aVaa] =93 - V?G) - (8)
Taking the outer product of both sides of eq. (7), we get:
(Gk)* VYV =iVG - VGT 9)
Substituting eq. (9) in eq. (8), we get:
2 7571 2 1\ 74 T 2
(V?¢) (q) = o kG - Vv, + 1_E EVG-VG —74- V2G| (10)
We choose the test vector to be: @ = Pk, -qL/HPRi -qLH where Pg, is the
relation matriz of bp, and (qL)T = [ o ... gk } . With V%, = 21 we
form the quadratic form:
G*

1
el (V*@) (q) @ = 2kG + (1_E) %aT-VG-VGT-a—W.aT-WG-a
d

Taking the inner product of v and Vbp, we have:
<(2PRZ : Q) ’ (PRZ : qL)> = QQTP},Z:.’;‘F)quL

According to proposition (A-1) found in the appendix, the product PEZ_PRi,
is a linear combination of the matrices D;;, with {i,j} € P% where P? is
defined in the aforementioned proposition. Hence we can write:

8



with a; ; integer constants (see prop. (A-1)). So:

qT‘P}%’i'PRi‘qL:qT< Z aijDij>qL:

T
= 2 ai;q" Dijqt = D (aijq" [ Oraicty (66— @) 149 - --
{Zvj}eszi {%]}EPZRZ

T
s Ol:c2(j—i—1) <QJ - qi)lmg le2(m—j) } ’ ql) =
= > a <(Qi —a)" (g —a)" qj) =

T T 1
= Y aila—q¢) (G -¢)= X ajla—q¢) (G—q¢g) =0
{i,j}€P2pg, {i.j}eP2p,

Hence 4L Vbg,. In the following analysis we will use the subscript ‘7’ instead
of ‘R;’ to simplify notation.
Expanding the term 4T - VG - VGT - 4 in eq. (11), we get:

at VG- VG a=4"((9:-Vgi+ G- Va) - (9:- Vg +5;-Vg})) - (12)
where G = g; - g;. But taking the inner product of u with eq. (5), we get:

A

SN v/
(b- T 13.1/")2 Z

at Vg = —b

and eq. (12) simplifies to:

Wl - VG- -VGT -4 =
22

2 ~ ~
= g7a" - Vg - Vgl -+ Wzﬁ VO (VBTG —
i+0;

29:GibiX 71/h P ~
— WUT Vb vl -

Using ¢; = ¢; - b;, where ¢; = <1 + )\/ (bi + Bj/h>) we get:

Wt VG -VGT -4 =
— g2a" - Vg, - Vgl a4+ —2C v b (V™M) Ta — .

i ~ 71/h — ~
— —2aed gt vp/" vl
/h 3 (2

C¢~(bz‘+bi )

Hence



where

~ ~ T
at Vg, - Vil - /\2'§i'ﬂT'V(b3/h> 'V<b;/h>
Z_ 7 + - -
9 & (b, +51")

ey T ()

Expanding the term 4T - V2G - @ of eq. (11), we get:

i

At V2Ga =4 (V2 (g G)) 0=
:ﬁT(g Vz +2(v91 sz) +Gi- vzgz) U=
=g - 0T V2 A+ g -4 Vi -0 —2—22 a7 Ve Vg

(be0i/")"

but from eq. (6) :

a’ - Vi = <1+%> AT Va4 b AT - Ay
bi + b’
where
~ ~ T ~
(Vo + VB/") (Vo +9") (924 925"
Ai - )\ 2 3 - 2
(bi + b h) (bi + b/ h)
Using V2, (¢) =2 Y. D;j = 2P, the term 4T - V?b; - 4 becomes:
{Z7J}€R’L
INT 1
.P-P.-P.
R C O LI (2(a")"- P)2P-2P-¢*) = o \7) . 1
2P - ¢ (¢F) -P-P-q*

To further simplify notation the index term ‘i’ referring to the set R; is
omitted when possible. From proposition (A-1) we have that P.P = 2P + R,

where:
k
z : Pi,qi,P5,95

j=it+1

N

-1

IIM

is defined in (A-1). Hence

(@) -P-P-Pg- (¢")  -PRP+R) ¢* :
(¢)"-P-P-gt (¢ -P-Pgt (¢4)" - P-P-qt

10



Using results from propositions (A-2) and (A-3) found in the Appendix, we
have:
P-P=2P+R

Ntreey Cji cii—1 cji
P.R:Z ( ZD,,M Gi Y. > me,qn)

m=1 n=m+1

and using the notation introduced in (A-3):

)

Cji— Cji
PJ gm Z Z Pm,Qqn

oy
I
M=
3
\H
SN
QQ
—_
S—
M““

i=1 j=1 m= m=1 n=m+1
T MNtreey Cji
P = Z Dy
i=1 j=1 m=1
we get
T Mtreeg Cj,i -1 €4,
T 2 1
T q . cs.—1 D —cj D -q
(qL) -P-P-P-g* —9 ( ) 121 321 <( nt ) Z Byoam 0 mzl n§+1 pmq") .
(qJ‘)T~P~P~qJ‘ - 7 T Mree i i1 =
()" S ((it) & Dy g N ) et
=1 j=1 m=1 m=1 n=m-+1
T Mtreey Cji T Cj7i71 €4 T
DY (C?i_l) > (‘ZL) Dy .am qt—cji X > (ql> Do an -0
—24 i=1 j=1 ’ m=1 m=1 n=m+1
- T Ntreeg cji T -1 ¢y T
_Z y (Cjai+1) (qL) Dp7 am q - Z Z (qL) 'meaQn'qJ—
=1 j=1 m=1 m=1 n=m-+1
(13)
We will now examine for each node the following terms:
Cjyi
Z N\ 1
(q ) ’ Dpjvqm : q
m=1

and
cii—1l  c¢ji

1
E Dy, .40 - 4

m=1 n= m+1
The transformation from q to ¢= i
the angles and distances. So

is a pure 90-degree rotation, which conserves

Cji Cjyi
\T 1 _ T
E :(q ) 'ngqu'q - E :q 'Dpj,qm'q
m=1 m=1
and
iji—l Cji Cji— Cj,i
\T 1 _ 2: 2:
(q ) ’ me:Qn g = q pqun q
m=1 n=m+1 m=1 n=m+1

11



Assuming the distances of the robots from the node robot to be negligible,

we have:
Cj,i Cj,i

Z (qL)T ' Dpqu"L ' qL - Cj,i ° Tj + Z T'm (14)
m=1

o
T Cii
(cji—1)) mm < (@) Dppga -0 < ( 5 )'2'rj+(cj,i —1) Y
m=1
5)

m=1 m=1 n=m+1
(1

The first relation (eq. (14)) is obvious. The second relation (eq. (15)) is
bounded between two extreme situations: The lower bound is when all the
non node robots are very close to each other. The upper bound is when all
the non node robots are as far as they can be from each other. The term in
the numerator in eq. (13), then becomes (lower bound):

i . Cjsi
(5 —1) (%'Tﬂr 2 Tm> — G <( B ) 2o (e = 1) X Tm) =

m=1

],Z
= (cji—1) (Cj,z‘ KDY Tm)

m=1

And the term in the denominator becomes (lower bound):
(Cjﬂ‘ + 1) (Cj,i . Tj + erm) — << C%’i > -2 T’j -+ (Cj’i — 1) . ;1’/’m> =
=2 (Cjﬂ' Ty + Z T’m>

Then from eq. (13) we get:

T MNtreeg Cji
ci; — 1 Cii T+ Tm
(1) - P-P-P-g* zzlazl(j (j mzl ))
(¢1)" PP gt

And since ¢;; > 1, we have that:

where v; > 2 . So

12



where
A
C; = (1 + —~)

Using ¢; = ¢; - b; we get:

ot V3G -0 =
%QT.Vgg/h.vgi.a:

=gi- 0" VPG U v gioo+ EE AT A G- 2g; h
v Ci<b¢+bi )

=09 & TV gi G

where
gi . . A . 5 o
{;:ﬂT-VQQZ--ﬂ—l—g—-uT-Ai-u—2ﬁuT-Vbil/h-Vgi-u
& ¢ (bz"‘bll/h)

So eq. (11) becomes:

G* . . . _
—0" (V@) ()i = (2kG —vi - Giva-ci)+gi- (va-mi—7a-&)  (16)
d
Taking the inner product of both sides of eq. (7) with Vv, , we get:
(17)

4Gk = Vﬁ/dVG = nggz . V’Yd + gzvgz : V’Yd
Substituting 2Gk from eq. (17) in eq. (16) we get:

G? | R . _ (1 _
E—1 a* (V2§0) (Q) U =g <§V92‘ Vg —v- ¢ %1) ‘|‘gi'('7d i —Ya+ &+ Vg V%l)
d

Using eq. (5), we get:

G? AT (9 n o 1
(V2@) (q) = gi - i §Vbi'v7d—vi'7d +
Gi- (Ya 1 — Y& —0i+ VG- Va)

(18)

where .
" 2¢; <b jzél/h)z (Vb " vg%) Vi

13



Setting
1
i = §VbRi VY4 — Vi - Y4
then eq. (18) becomes:

G? R o B
T " (V?@) (q) & = gicips + gr, (Yami — va& — 0: + VG Vya)  (19)
d

The second term of eq. (19) is proportional to gg, and can be made arbitrarily
small by a suitable choice of ¢ but can still be positive, so the first term
should be strictly negative. We will need the following lemma to proceed
with our analysis:

Lemma 1.

max (p;) = (z +a) - (z —a/(m = 1)) - (m —1)/m

q€Fo
where x = \/5 + 3 (ri +75)° and a = \/q} Pr,qa
Proof.
pi = Vbr, - Vya/2 —vi -0 < 2f (q)
where
f(Q):qT'PRi'q_qT'PRi'Qd_<q_Qd)T'(q_Qd)
Thus

Vf(q) =2Pr,-q— Pr,-qa—2(q— qa)
If q. is a critical point, then: Vf(g.) = 0 . Solving for ¢. , we get:
qc:1/2'(PR1'_I)_l'(PRi_QI)'qd

But for the worst-case scenario (This is when the proximity relation is a
complete graph)
(PRi_I)_lzl/(m_l)'PRi_[

with
Pgy=m-T—[1 - 1]°[1 -+ 1]
So
ge = (I — Pr, - 1/ (2m — 2)) ¢*
and

f(ge) = —m/(4m —4) <0
The Hessian of f (¢) is:

It can be verified that Pp, — I has eigenvalues:

14



1. A =m—1 of multiplicity (m — 1) D , where D is the workspace dimen-
sion, and

2. A = —1 of multiplicity D.

That means that f (¢q) decreases only along D dimensions about ¢. and in-
creases along the (m — 1) D remaining (for some appropriate coordinate sys-
tem), which in turn means that q. is a saddle. We are interested in finding
the maximum value that f (¢) may attain under the constraint that by, < e
. We form the constraint function:

9(0)=q" - Pp-q—e— Y (n+r)*<0
{ZJ}ERz

Since g is convex (V2g(q) =2+ P, > 0) and g, is a saddle point of f , f (q)
will attain its maximum and minimum values over the constraint’s boundary,
g (q¢) =0 . This can be formulated as a nonlinear optimization problem:

max (f (q))
where
f@=¢"Pr-qg—q¢" Pr-qa—(¢—aq)" (¢— q)
and
U=Sq:9(¢)=q"Pp-q—e— Y (rn+r)*<0
{l 7j}€R'L
If

q" = argmax (f (q))
qeU

then, according to Kuhn Tucker conditions, there exists a p > 0 such that:

V(@) —rVg(q)=0 (20)
p-g9(q)=0 (21)

9(¢") <0 (22)

p=>0 (23)

From eq. (20) we have:
2Pr,-q" = Pr,-qa—2(¢" = qa) =2p- Pr,-q" =0

Solving for ¢*, we get

==+ (p—1) Pr)" (2] — Pr)qa

N —

15



One can easily verify that:
(I+(p=1)-Pr) " == Pr-(p=1)/(1+(p—1)m))

and
*

¢ =3 (20— Pr - (2p—1)/(1+(p—1)m)

As discussed above, the constraint should be activated, so p > 0 and from
eq. (21) we get:

N

9(¢") =0
Solving for p we get:
pr2 = (2(m—1)+ (m —2)a/z)/(2m)
Both p; , p2 could be made positive so by substituting in ¢* we have:
"q" = (I — Pp,(a+x)/(ma))qa

and
¢ = (I — Pp,(a—z)/(ma))q

where T¢* , ~¢* are the values of ¢* for p;, ps respectively. Examining the
terms of f(q) , we have:

1. ¢' Pr.q = 2? for both T¢*, ~¢*
2. ¢ Pr,qqs = —ax for *¢*
3. q"' Pr,qq = ax for ~¢*
4. (¢ —4a)" (¢ —ga) = (a+2)*/m for *¢" and
5. (¢—qa)" (q—gqa) = (a—2)*/m for ~¢*
After substituting in f (q) , we get:
f(Fq) =2+ ax — (a+:c)2/m =(x+a)(x—a/(im—1))(m—1)/m

and

f(Cq)=2"—ax— (a—x)z/m: (x+a/(m—=1))(x—a)(m—1)/m

Then f (T¢*) <0 for
—a<z<al/(m-—1)
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and f(7¢*) <0 for
—a/lm—1)<z<a

We can observe that f (T¢*) = f(7¢*) for z = 0 and since we are interested
for x > 0, it holds that f(T¢*) > f(7¢*) since

f (+q*) —f (7q*) =2a(m—2)x/m > 0,Vz >0,m > 2
Therefore, by choosing f (T¢*) we have the result:

max () = (¢ +a) - (¢ —a/(m —1)) - (m —1)/m

and the proof of Lemma 1 is complete. O

So according to Lemma 1, for u; to be negative, it is sufficient to make
sure that:

1

2
5<W'Q§PRH€M— Z (r+r)" =...
{ZJ}ERH
1 - )
T (m — 1) Z ”q(li_qng - Z (ri+7;)" =¢o
{l.j}€RH {l,j}€RH

Another constraint arises from the fact that € > 0. So for a valid workspace
it will be:

L9 9 9
> M=l > =1 3T ()
{Lj}eRm {l.j}YeRH
where R, is the highest level relation. 0

Proposition 5. There exists €1 > 0 and hy > 0, such that the critical points
of ¢ are non-degenerate as long as ¢ < €1 and h > hy (Morse Property)

Proof. Following the line of thought presented in [6], to prove that ¢ is
non-degenerate, we need to prove that the quadratic form associated to the
orthogonal complement of N, = span {} is positive definite. Since Vb; La
we need to prove that @7 (V)@ > 0, where @ = Vb;. At a critical point
from eq. (7) we get:

(k-G |Vyall* =43 VG
Hence -
- 2
2%G = 2 |V

17



Multiplying eq. (10) from both sides with a, we get:

2 1
f_laT (V?Q) (q) @ = 2kG + (1 — —) T VG- VGET - i— - i -V2G -
Ya k) G
=L+ M+N
where
L= VGl
( ——)ﬁ " VG-VGT - (24)
N = ;- - VG -4
Term L:
IVGI* =119,V + 8V gill* =
= g7 HV@'HZ +2GVyg; -V + G} HV!JiH2
Hence e
= 51q (@ IVGl* +2GVg; - Vi + g2 | Vall)
and denote L, = 5% (2GVg;Vg;)
From term M we have:
VG- VG = (¢:;VG: +5:Va) (¢:V5 +6Vgl) =
=gV - Vg + 3 Vg Vg +2G (Vg - Vi),
Then

W'VG-VGTu =g (0 -V§) + g2 (i-Vg) +2G (a- V) - (Vg - @) (25)

M can be written as:

1
M = (1 - _) % (97 (@-Vg:)* + g} (@- Vg:)?) +

k
Y6 ol M va) - (V-
+25G(@ V) (Vgi-a) =20 5G(@-Vgi) - (Vgi - )

We denote
Ma=25G(ﬂ Vi) (Vg -a)

and



Let M1 =1u- Vgl Then

M, = 65\1 Vg = 65\2 <Vbi (1 + biﬁ;yh) - (b +l~)1/h> (Vb + Vbl/h)>

Vb, - (z}i/ "7b; — b Vb h)

We consider the term: @ . (l;;/thi — bivéi/”)
Then

= [IVbil| +

Vi - (50— b ") = 5" [Ob b

71/h
i

but

IVbill =2 [bi+ > (ri+r))?

Hence

Vb, - (Eﬁ/hvm —b,-VB}/h) > 25}/h\/bi+ GRS )

|
(Li}eR; '

>2()l/h\/ > (rl—l—rj)Q—é“Vl;;/hH:E/h <2\/ S (n+ry)t—c

Vbl/h
bl/h

k3

)

but

vil/h Vbl/h 1/h 1

) H ZRC W H Z wo (Vo] =
pe

R A RS Z HV ul

uER

Bl}h

k3

SO

Vb, - (Ei/th@- —bivgg/h) > b, (2\/ S ()t - Z |V, H)

= b/ (2\/ GRS z Vb, H)

{l,j}eR;

For this to be positive, it must be:

e LD

- (26)

1
min S (r4715)
{Lj}eR;
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So choosing h according to (26) we have that:
My = Vb; - Vg > || Vb

and of course: -
[Vgill = Vb - Vg > [|[Vb| (27)
Let us examine the term:
Lo+ M, = 54 (2GVg;Vg) — 2; 4G (i Vg) - (Vg; - 4)
=2 (VgVgi—2(u-Vg)- (Vg -u))

VgiVgi —2(u-Vg)- (Vg -u) = Vg; (Vg —2(a- V) - a) =
=Vgi(2(a-Vg) -0 —Vg) = —[[Vgll [[(2 (@ Vg:) - @ = Vg,

but

12 (@-Vg:) - a—Vg)lI* = 4lla- Vg|l* =4 (@-Vg,) - (@-Vg) + | Vgl

So
[2(@-Vg)-a—Vg)| =Vl
Hence
VgiVg —2(u-Vg) - (Vgi-u) > —[|[Vg| Vgl
So

Yd _
Lo+ My 2 == [IVaill [Vl
We can then write the term L + M, as:
L+ M, > 3% (g2 |Vl +2§? IVgill* = 2G |Vl I Val)
= o5 (9 [IV@ill — g: [Vgil])” = 0

which is non-negative and can be neglected.
Term N:
N =—y- 4" - VG- a

Expanding;:
VG a=1u" - (¢V?Gi+ 9 V) -a+2(a" - V) - (@' - V)

Notice that the second term is cancelled with M,. Using equation (27), we
can write (since k > 1):

G* . R _ o d Ly _ T2 - . _
’yk—1“T (vz(p) (gt = g_ b k gi HVbi”Z - QEUTVQQZ'U — gigii" V2 git

d

(2

20



We will now proceed by examining the term:
a’ - V?g; - a
From eq. (6) we get:
T
il V2 i = c;- il - V2 ii— ;- @7 - Vb (vz)i + ng/h) ab-aT A

where

2
~ 2
(bi +bY h)

S; —

from

- T - -
a’ - b, - (Vbi +Vb3/h) = || Vb||* + || Vb vzﬁ/h) - Vb; =
I + Vb VB > Vb — b - [V

For the last term we have:

- - F1/h
Ivbil - ||V | = 2\/@ T SR e
Li}ER; i
M (28)
> Vbi + Y ()’ =5 X VB >0
{lj}ER; pERY
This is guaranteed to be positive, as long as:
max{l, Bl} -max{ > ||Vbu\|}
c
h> — — Dy (e)

2. e -min S (4 7y)
{lvj}eR'L

. T
Hence the term s; - a7 - Vb; - (Vbi + ng/h) -t > 0 and can be neglected.
Recalling that:

<Vbl- + Vb ") (Vbi + Vb h)T (v%i + vy h)
(b 5"’  (bn)

for the term b, - @” - A; - @ we have:

T _—

Vb, (Vb,» + vB}/h) (vm + v’él.l/h> Vb, = (|be2-|| Vb - in/")z < 4| Vbi|?

21



~ 3
because of (28). For <bi + bil/h) , with € < 1 we have:

(b4 BY > B s ol

where np + 1 is the number of relations in the level with maximum relations.
With

h > 3ng = hs
we have: 5
(bl + le/h> > €
Hence: 8\
il A< 2|Vl = ZaTVa — 2TV
€ 2 2
and

W V2g < e @" VR - G+ 8M ||V | —b¥~Tvzbu—b '~Tv2b1/"a

Hence

i (VY >( Vi > 2 (1= 1) g | Vil|* — g7 Vgt
—9:Ji ( ci AT - V2 i+ 8N ||V ||P — b ST V2 — b ~Tvzb1/hu>>

From the term @’ - V2b; -, following the analysis presented in Proposition
4, we get:

T
e - ¢"-P-R-q
bih =2+ ——-——
u Vb +qT-P-P-q

Eq. (13) in this case becomes:

T Mtreeg Cji T cji=l ¢ T
21 Zl ((C?,i_1> 21 (qL) 'Dpj,qm‘qL—Cj,i 21 EH(QL) Dy an-a™
~ 1 m m n=m

WI'V2b;0 = 2+ .

T Mireey Cji -1 Cji

5 ) <(Cj,i+1) S (a) Dy gt > (QL)T'me,qu)

=1 j= m=1 m=1 n=m+1

Using eqns. (14, 15) and the fact that 1 <¢;; <m — 1, we get:

(m B 2) (m2 - 1) T'max
2m T min

2 < W'V < 2+

Hence:

Gt (V2g) ()i > 2 (1 - 1) g |0 — g2 Vg

Ya

0.0 <cl- (2 t i) :,m) + M| Vbi]|? — bis; — by SZuTv%l/“))
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> % ((1=3) 3 |V0* = gra" VPgii—
ol ( (2 R —) + 8 Vbl m%mv%yh@))

2m
For ¢; we have:

1+ A <1+ A <1+ A <1+ A

Hence:
723: a" (V@) (q)a > u (1—1%) g IVb||* — g?aT Vgii—

m—2)(m?— ~
—g:s ((1 + 25) (2 4 mam?o) f;—) + 8\ || Vb — bi%aTv%}/ha))

Rearranging terms:

&l (V29) (q)a >

y5=
3
— (gz‘ 3 (5 (1= B IVA = 5) + (3 (1= 1) 190 - eQaTvzgim)
j=
(29)
where

1+ X —2)(m?—1) Tmax
K= 1t <2+(m )(m*—1) r )
€3 2m Tmin
Ky = 8\ || Vb ||”
Ky = et |aTv20Y ha‘

Assuming that £ > 2, and noting that min (|]Vbz||2) =4 3 (m+1y)%
{lvj}ERz
then for both the right hand side terms of ineq. (29) to be positive, the

sufficient conditions are:

wlw

2 > (n+r)

{l7J}ERz
€< (m—2)(m2—1) =&
B(1+2) (24 g oo )
!
E< ——=¢
48\~ °



3
2 3 (n+ry)° ?
{l,j}ER,

3/\-max<

e < =&y

ﬁTV?Bl/hﬁD

So to render (29) positive it is sufficient to choose an e < 1 = min {1, e9,£3,€4}
and an h > hy = max {hy, hs (€), hs}.
U
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APPENDIX A

Proposition A-1. The product
ng ’ PRk

with Pg, = Y. D, ; is a linear combination of D;;’s.
{Zvj}ERk

Proof. We denote by S the set of all possible couples that can be achieved
by the team we are considering. Let

denote the matrix representation of S. Then S has the form:

(m—1) —1 - -1 '
S = -1 ool =—1:|[1 L]+m-1
—1 - =1 (m-—1)
The matrix S has the following properties:
1 1
S ST=8.8=1~-]: [1 1]+m~[ =1 [1 1]+m-[
1 1
1 1
=m [1 1]-=2m| : |]1 1]+m*>I=m-S
1 1
If
H= », Di
{i,j}eU
with U C S, then
1
H-S=(Dugp, +.--+Dggy,)- | —| |1 - 1]+m-I|=m-H
1
since Djj- [ 1 ... 1}T:Oforeverycouple {i,7}.
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The set S can be partitioned into two subsets, P and C such that
S = P + C. The matrix S can then be written as:

S= > Dy=P+C

{i,j}es
where P= > D,;;and C= »  D,;. If we denote as
{i,j}eP {i,j}eC
pi=[0 ... 000 ..0]"

where v = 1 is the 7'th element of the array. Then
Dij = (pi—p;) (i —p;)"
Obviously
pip; =0
for
LF

It will be useful to examine here the product:

(Dij + Dy) - (Dij + Diy) = Dyj - Dij + Dy - Dij + Dij - Dy + Dy - Dy =

= (pi —pj) (pi — pj)T (pi — p;) (pi — pj)T + (pr — 1) (Pr — pz)T (Pe — 1) (Pr — pl)T +

+ e =) (pk — )" (pi — p;) (pi — pj)T + (pi —pj) (i — pj)T e —p) (e — )" =

=2 (s =) i = )" +u%—p0@k—mf)+

+0ki ((pk — ) (oo —p3)" + (ox — p5) (1 — pz)T) +
05 ((pe — m>+wm—po@h—mf)+
— 0 (( — i)'+ (pi = pi) (1 — pz)T)
—01; ((pk — ) pj) + (o1 —pj) (Px —pz)T> =

=2 <(pz — ;) (Pz - Pj) + (pr — »1) (P —PZ)T; +
+ (Oki + 615 + Ok + 1) (20apt — (Pap? + 2ypL) — (bl + p21k) + (ppl + pypT))
- 2Dzy + 2Dkl + (5k2 + 6lj + 5kj + 5l1) (Dazy + Dacz - Dyz)

where:
=k ((Sk;Z + 5k:j) +1 (5lj + 5;,’)
Yy = l ((Skzz + (Skj) + k (513' + 511)
Z = j ((5;” -+ (Sh) —+ 7 (5lj + 5k])
and 6;; is the Kronecker delta:

0,1#7
cx»j:{ 7
1,i=7

27



We set
Ly =2D;; + 2Dy + (8k; + 015 + Okj + 015) (Day + Dy — Dy2)

Lets assume we have the matrix P, as above. Then:

P-PT=p.P=
= (DL? + D1,3 St Dpkfly(kal + Dpk:Qk) ) (D1,2 + Dy 3.t Dpk Lk T Dpkﬂk) =
= (D12 + D13) - (D1a + D13) + ...+ (Dis+ Dy, q) - (D1 s+ Dpq) +

St (Dpk—hCIk—l + Dpk#lk) ' (Dpk—hCIk—l + Dpkme) - (k - 2) (Zl Dpi,qi ’ Dpi#h')

with k& being the number of D, ;’s from which P is constructed. Using the
results from above we have that:

k
= Z Ly —2(k—2) <Z Dpiﬂi)
i=1

-1

N

k
Z PisqisPjd5 (k_2)P

||M

j=i+1
k—1 k
=2P + E E APi:‘]i,Pjvqj
i=1 j=i+1

where
Ak,l,i,j = (5k2 + 6lj + 5kj + 5l1) (Dmy + Dacz - Dyz)

which is a linear combination of D; ;’s. The proof is completed by noting that
for the set of relations contained in the product of the P matrices, denoted
by P2, it holds that

PCP?CS

Proposition A-2. Assume we have
Dij + Dy
and
(O + 01 + Oj + o) =1

We denote by:
xr = ]{3 ((Sm + (5@) + l ((Slj + 6[1)
Yy = l (51% + 5@) + ]{7 (5lj + 511)
z = J (ki + 0u) + 7 (01 + Okj)
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Then the relation:
(Dry + sz) Dyz - Dyz

holds.
Proof.

(Dmy + sz) Dyz - DmyDyz + D:szyz -

= (p:r - py) (paz - py)T (py - pz) (py - pz)T + (px - pz) (pa: - pz)T (py - pz) (py - pz)T
= - (p:r - py) (py - pz)T + (p:v - pz) (py - pz)T = (py - pz) (py - pz)T

—D,.

Proposition A-3. If P is a relationship matrix and

k—1 k
R = § : E : Apiﬂivpj"b'
=1 j—it1

with Ay, q.p,.0; defined in proposition (A-1), then the following holds:

T MNtree; Cji cji—1
P-R = Pt%el'Rtreel"i‘- . -+PtreeT'Rt7‘€eT = Z Z (4 Z D]t?j,qm -3 Z Z thom,qn
m=1

m=1 n=m+1

t=1 j=1

The indices are defined in the proof.

Proof. For the following analysis it will be helpful to consider the proximity
relations as branches of a tree structure. For example the following relation-

ship proximity function:

b= Bp) + B + Bap) + Bwo.r) + Birae + B =

= q" (Dap + Dac + Dap + Dpr + Drg + Dgr)q— >, (ri + Tj)2

{i,7}€D

with
D = {{4, B}, {A.C} {A, D} {D.E} {F.G} {G, H}}

can be represented by the tree structure in (figure 3). Notice that this relation
is represented by two separate trees. The first tree has 4 branches (AB, AC,
AD, DE), 2 nodes (A, D) and 1 node-connecting branch (AD) and the second
has 2 branches (FG, GH) and 1 node (G). Node A has 3 attached branches
node D has 2 and node G has 2. Now let us assume that we have a relationship
proximity function that consists of k robot proximity functions. Moreover
assume that the relation has T trees that represent it, and each tree has br
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s Tinksof A
=== Linksof D
—_— = Tinksof G

" E? I_l'-.G '_". I{ -.-\.II

Figure 3 : Representation of a robot proximity situation. A ...H are robots

branches, ny nodes, ncbr node-connecting branches and each node has ¢, 1
node-attached branches. The respective relationship matrix can be written
as:

P:Ptreel—i_”-—i_PtreeT

where
Ptreei - <Dtreei+branch1 + Dtreei+branch2 + ...+ Dtreei+branchbtreei>

Obviously
Ptreei : Ptreej =0

with ¢ # j. Another useful, more descriptive representation of P, is the
following;:

antTee,L-

Prree, = (NB{ +NBy+...+NB. ) + ) NCj

where N B;- is the sum of the branches of tree i that are connected to node
j excluding node connecting branches. NC}; = N C’?{m’n} is the k’th node
connecting branch of tree i, which connects the nodes m and n. Here we
assume that every node has one node connecting branch with other nodes.
If more node connecting branches belong to some node, then NC} can be
replaced by the sum of those branches and the analysis won’t change. Now
let us consider the sum:

k
§ : Pi,qi,Pj,4d5

j=it1

||MT

with
Ak:,l,z',j = (5162 + 5[]' + 5k’j + 6l1) (D:cy + Dacz - Dyz)
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The above sum can be written again as a sum of ’s of the respective couple
combinations of the node-attached branches of each node of each tree:

R = Rt'reel +...+ RtreeT
where

Riree, = Comb (NB} + NC}, 1)) + ... + Comb (NBj, + NC{, ) +
+00mb (NB'flt'ree,- + ch{nt . ’U})

with

Z—-1 Z
Comb (‘DPIQI + Dp2q2 +.. pZ‘]Z Z oy T Dy, — DyZ)

i=1 j=i+1

where
T = DPj (5171']91' + 5pj‘1i) +q; (5%%‘ + 511;‘1%‘)
Yy=4q (5pjp¢ + 610]'(11') +Dj (5%%’ + 5f1jpi)
<=4 (5pjpi + 5‘13’1%‘) + pi (5%%‘ + 51?]'%')

Note that the arguments of each of the Comb operators in Ry, are branches
of the same node. We are now ready to examine the product:

P-R= (Ptreel + ...+ PtreeT) : (Rtreel + ...+ RtreeT) =
- Ptreel : Rtreel +...+ PtreeT : Rt'reeT

Since any product of the form:
Ptreei : RtreEj =0

for ¢ # j . The product:

antreel )
Piree, * Riree; = ((NB{ +NBy+...+NB,, ) + Z NC,@) :
- (Comb (NBj + NCjy 4y ) + ...+ Comb (N By + NC}, k})

..+ Comb (N By, T NCY, v}))
- (NB{' + NC’E1 k}> Comb (NB% + Nc{l k})

Ntree;

+ (MBI, +NC, ) Comb (NBY, +NCL, )

{ntv‘eez v
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Teel

Z (NBj + NC{ju(yy) - Comb (NBj + NCY; 4 513)

where v is a node (or a set of nodes) connected with n.., and k(j) is a
function returning the nodes that are connected with node j. The above
holds because ‘ ‘ .

NB;-Comb (NB,, + NC{,, ;) =0

with j #m, j # k and
NCY,,y - Comb (NB,, + NC{,, ;) =0

with
l£m,l#k,n#m,n+#k

Now we will examine each product in the sum:

(V] + NCiyy) - Comb (VB + NCly) =

Cj,i Cji— Cj,i
= py dm : : : : p] dm + Dpja‘Jn - meaq'n)
1

m= m=1 n=m+1

:< " DPj»Qm) '<CJ@_ ZDpqu Z Z meqn> =
1

m= m=1 n=m+1
(¢ji — (Z D, qm> (Z D, qm> (Z Z Dy, qn>
m=1 n=m+1

The first term, calculated previously gives:

Cji 2 Cji cii—1 ¢
E , Dy, gm (cji E : Dy gm — E E Dy,.an
m=1

m=1 n=m+1

since all are connected on the same node. The second term gives:

Cji cii—1 cji
(Z Dpj,qm> <Z Z me,qn> =
m=1

m=1 n=m+1

¢i—l ¢y ¢i—l ¢
= : : : : ((Dpj7Q7n + Dpj#]n ’ pm Qn E : : : me an
m=1 n=m+1 m=1 n=m+1
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by use of proposition A.2. Hence:

C]",L' CJ i CJ i CJ i CJ i
= (¢ — 1) ((Cj,i +1) 21 ngqu Z > meqn> Z >, Dppgn =

m=1 n=m+1 m=1 n=m+1

9 Cji Cj,i—]. Cji
= (C]J o 1) Z Dpqum - C.]:Z Z Z me#]n
m=1 m=1 n=m+1

The product:

Prce, Ruce, = 3 (NBj+NCljy ) - Comb (NBj + NCjj 5 ) =
j=1
Niree; Cji Cji— Cji
= > (6321 - 1) Dpqum Cii Z > Dy, an
j=1 m=1 m=1 n=m+1
And the product:
P-R= Pt’/‘eel ' Rtree1 .+ PtreeT : RtreeT -
Ntreet Cji Cji— Cji
S 95 9l (FIRN1) SIS Sl S
=1 j=1 =1 m=1 n=m+1
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